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Abstract: A word w is a finite sequence of symbols belonging to a finite set, called
an alphabet. A scattered subword of a word w is a subsequence of w. The Parikh
matrix of a word w over an ordered alphabet with an ordering on its elements, is an
upper triangular matrix with its entries giving the counts of different occurrences of
certain scattered subwords in the word w. Based on the notions of scattered subword
and Parikh matrix, several properties of images of words under morphisms have been
established. Here we consider Dejean morphism on three letters and derive several
properties for images of binary words under this morphism in the context of Parikh
matrices.

Keywords: Scattered subword, Parikh matrix, Dejean morphism

AMS Subject classification: 68R15

1. Introduction

The topic of “Combinatorics on words” [5, 10] is a subfield of the field of Discrete
Mathematics having connections with concepts in different fields, especially in the-
oretical computer science. Research in this area has dealt with many challenging
problems related to sequences of symbols, which are called words. As early as in the
beginning years of 20th century, Axel Thue [4] has done pioneering work on vari-
ous combinatorial problems related to words. There has been continued research on
various combinatorial problems and properties of words.
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2 Properties of Subwords of Binary Words under Dejean morphism

Mateescu et al. [12] introduced the notion of Parikh matrix of a word which is a
new research area in this field of combinatorics on words. Parikh matrix of a word
extends the classical notion of Parikh vector [13] of a word which counts the number
of times a symbol occurs in the word. The Parikh matrix of a word w over an
alphabet {a1, a2, . . . , ak} with an ordering a1 < a2 < · · · < ak, is an upper triangular
matrix, with 1’s on the main diagonal and 0’s below it but the entries above the main
diagonal provide information on the number of certain scattered subwords (also called
subwords) in w. In fact the Parikh matrix has the Parikh vector in the second diagonal
above the main diagonal. Several investigations establishing various properties of
words based on the Parikh matrix have been done.
Establishing properties of Parikh matrices of words under certain mappings, called
morphisms on words, is an area of fairly recent investigation. Atanasiu [2] considers
Istrail morphisms and investigates an important notion called amiability (also called
ambiguity) of words in the study of Parikh matrices while in [8, 18, 22] certain prop-
erties of Parikh matrices of words on two or three letters based on extensions of Thue
morphism [15, 16] and the Fibonacci morphism [14] are obtained. In fact several stud-
ies investigating various properties of words based on the Parikh matrix have taken
place (see, for example [1–3, 8, 17, 19, 20, 23, 24] and the references therein).
Here we consider Dejean morphism [7] which can be considered as an extension of
Thue morphism. We derive properties of subwords of images of words under Dejean
morphism and Parikh matrix equivalence of certain special kinds of words over an
ordered binary/ternary alphabet.

2. Basic Definitions and Results

We recall certain basic concepts and results [10, 12] which are needed in the subsequent
sections.
An ordered alphabet is a finite set of symbols, called an alphabet, having an ordering
on the symbols. We denote the ordering by <. As an example, the binary alphabet
{a, b} having an ordering a < b, is an ordered alphabet and we write this alphabet
as {a < b}. Likewise the ternary alphabet {a, b, c} having an ordering a < b < c is
written as {a < b < c}. A word over an alphabet Σ, is a finite sequence of symbols
taken from Σ. For example, bcacbab is a word over the alphabet {a, b, c}. A scattered
subword or simply a subword u of a word w is a subsequence of the word w. We denote
the number of subwords u in a word w by |w|u. As an illustration, in the word abbbaba

over {a < b}, the first letter a followed by the fourth letter b and then followed by the
last letter a gives the word aba which is a subword of abbbaba. In fact the number of
such subwords aba in abbbaba over {a < b}, is |abbbaba|aba = 8.

The Parikh vector [13] of a word w over an alphabet Σ = {a < b} is given by
(na(w), nb(w)) where nx(w) is the number of occurrences of the symbol x in the word
w. If the alphabet is {a < b < c}, then the Parikh vector of w is (na(w), nb(w), nc(w)).

For example, the Parikh vector of the word abbaabbb over the alphabet {a < b} is
(3, 5) while the Parikh vector of the word acbccba over {a < b < c} is (2, 2, 3). The
notion of Parikh matrix of a word w [12], is an extension of the notion of Parikh vector
of w. The notion of Parikh matrix of a word is now recalled. But we mainly deal with
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the binary ordered alphabet {a < b} and the ternary ordered alphabet {a < b < c}.
Throughout this paper, we denote them by Σ2 and Σ3 respectively. For a formal
definition of the Parikh matrix of a word over any ordered alphabet, we refer to [12].
Let Σ2 = {a < b} and Σ3 = {a < b < c}. The Parikh matrices M(α) of a word α over
Σ2 and M(β) of a word β over Σ3 are given by

M(α) =

 1 |α|a |α|ab
0 1 |α|b
0 0 1

 andM(β) =


1 |β|a |β|ab |β|abc
0 1 |β|b |β|bc
0 0 1 |β|c
0 0 0 1

 .

We recall the technique [12] of obtaining the Parikh matrix of a word over the binary
ordered alphabet Σ2 = {a < b}. A 3× 3 triangular matrix is associated with each of
a and b as follows:

a 7→ M(a) =

 1 1 0

0 1 0

0 0 1

 , b 7→ M(b) =

 1 0 0

0 1 1

0 0 1

 .

For a binary word α = α1α2 · · ·αn where αi ∈ Σ2, the Parikh matrix M(α) of the
word α is the matrix product M(α) = M(α1)M(α2) · · ·M(αn). If the alphabet is a
ternary ordered alphabet Σ3 = {a < b < c}, the technique is similar except that with
each of a, b and c, a 4× 4 triangular matrix is associated as follows:

a 7→ M(a) =


1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 , b 7→ M(b) =


1 0 0 0

0 1 1 0

0 0 1 0

0 0 0 1

 ,

c 7→ M(c) =


1 0 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 .

Example 1. Consider the word u = abab over Σ2. The Parikh matrix M(u) is the matrix
product M(u) = M(a)M(b)M(a)M(b)

=

 1 1 0
0 1 0
0 0 1

 1 0 0
0 1 1
0 0 1

 1 1 0
0 1 0
0 0 1

 1 0 0
0 1 1
0 0 1

 =

 1 2 3
0 1 2
0 0 1

 .

Two words w1, w2 over Σ2 or Σ3 are said to be M -equivalent, if the Parikh matrices
of w1 and w2 are the same i.e. M(w1) = M(w2). In this case, w1 (as well as w2) is
said to be M−ambiguous.
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For example, the words u = ababaab, v = abaabba over {a < b} are
M -equivalent since they have the same Parikh matrix

M(u) = M(v) =

 1 4 7

0 1 3

0 0 1


and hence u and v are M−ambiguous.
We next recall the notion of a morphism [10] on words.
Let Σ and Γ be two alphabets. A morphism on Σ∗ is a mapping ϕ : Σ∗ → Γ∗ such
that ϕ(uv) = ϕ(u)ϕ(v), for words u, v ∈ Σ∗.

3. Dejean Morphism

Thue morphism [10, 14] (also called Thue-Morse morphism), is a special type of mor-
phism, well-known and widely used and investigated in different studies on combina-
torics on words (see, for example, [14–16]). It is a mapping µ on Σ∗, where Σ = {a, b}
and is given by µ(a) = ab, µ(b) = ba. Dejean [7] has introduced a morphism which is
an extension of Thue morphism as mentioned in [6]. We recall the definition of this
morphism restricting the alphabet to three symbols.

Definition 1. Let Σ3 = {a < b < c}. The Dejean morphism d : Σ∗
3 7→ Σ∗

3 is defined by

d(a) = abcacbcabcbacbcacba,

d(b) = bcabacabcacbacabacb,

d(c) = cabcbabcabacbabcbac.

Note that |d(a)|a = 6; |d(a)|b = 6; |d(a)|c = 7; |d(b)|a = 7; |d(b)|b = 6; |d(b)|c = 6;

|d(c)|a = 6; |d(c)|b = 7; |d(c)|c = 6; |d(a)|ab = 18; |d(a)|bc = 21; |d(b)|ab =

21; |d(b)|bc = 18; |d(c)|ab = 21; |d(c)|bc = 21; |d(a)|abc = 46; |d(b)|abc = 31;

|d(c)|abc = 49.

Formulae to count the number of each of the symbols a, b, c and subwords ab, bc, abc in
the image word d(w) of a word w ∈ Σ∗

2 were derived in [21]. We state these formulae
here and provide proofs for completeness. We need the known results in Lemma 1
and Lemma 2.

Lemma 1. [3] Let Γ1,Γ2 be two ordered alphabets and f : Γ∗
1 −→ Γ∗

2 be a morphism.
Then, for all w ∈ Γ∗

1, and for all a ∈ Γ2, we have

|f(w)|a =
∑
r∈Γ1

|w|r · |f(r)|a.

Lemma 2. [3] Let f : Σ∗
2 −→ Σ∗

3 be a morphism. For x, y ∈ Σ3, w ∈ Σ+
2 , we have

|f(w)|xy =
∑
r∈Σ2

|w|r|f(r)|xy +
∑

r,t∈Σ2

|w|rt|f(r)|x|f(t)|y.
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Theorem 3.1. For any word w ∈ Σ∗
2, we have

(i) |d(w)|a = 6|w|+ |w|b, |d(w)|b = 6|w|, |d(w)|c = 6|w|+ |w|a

(ii) |d(w)|ab = 21|w|2 − 3|w|2a − 6|w|ab

(iii) |d(w)|bc = 21|w|2 − 3|w|2b − 6|w|ab

(iv) |d(w)|abc = 126(|w|2a+ |w|2b)−80|w|a−95|w|b+294[|w|ba+ |w|baa+ |w|bba]+216[|w|ab+
|w|aab + |w|abb] + 252[|w|aaa + |w|bab + |w|aba + |w|bbb]

Proof
Using Lemma 1, we have

|d(w)|a =
∑
r∈Σ2

|w|r · |d(r)|a = 6|w|a + 7|w|b = 6|w|+ |w|b,

since |d(a)|a = 6, |d(b)|a = 7 and |w|a + |w|b = |w|. Likewise the formulae for |d(w)|b
and |d(w)|c can be derived. This proves (i).

Using Lemma 2 and the known identity |w|ab + |w|ba = |w|a × |w|b, we have

|d(w)|ab = |w|a|d(a)|ab + |w|b|d(b)|ab + |w|aa|d(a)|a|d(a)|b + |w|ab|d(a)|a|d(b)|b
+|w|ba|d(b)|a|d(a)|b + |w|bb|d(b)|a|d(b)|b

= 18|w|a + 21|w|b +
1

2
× 36|w|a(|w|a − 1) + 36|w|ab + 42|w|ba

+
1

2
× 42|w|b(|w|b − 1)

= 21(|w|2a + |w|2b) + 42(|w|ab + |w|ba)− 3|w|2a − 6|w|ab
= 21|w|2 − 3|w|2a − 6|w|ab , since |w|ab + |w|ba = |w|a|w|b,

|w|a + |w|b = |w|, |d(a)|a = |d(a)|b = 6, |d(b)|a = 7,

|d(b)|b = 6, |d(a)|ab = 18, |d(b)|ab = 21.

This proves statement (ii).

The statement (iii) can be proved in a similar manner.
In order to prove statement (iv), we have

|d(w)|abc = |w|a|d(a)|abc + |w|b|d(b)|abc + |w|aa(|d(a)|a|d(a)|bc + |d(a)|ab|d(a)|c)
+|w|ab(|d(a)|a|d(b)|bc + |d(a)|ab|d(b)|c) + |w|ba(|d(b)|a|d(a)|bc

+|d(b)|ab|d(a)|c) + |w|bb(|d(b)|a|d(b)|bc + |d(b)|ab|d(b)|c) + η

= 46|w|a + 31|w|b +
1

2
|w|a(|w|a − 1)(6× 21 + 18× 7)

+|w|ab(6× 18 + 18× 6) + |w|ba(7× 21 + 21× 7)

+
1

2
|w|b(|w|b − 1)(7× 18 + 21× 6) + η
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where

η = |w|aaa(|d(a)|a|d(a)|b|d(a)|c) + |w|aab(|d(a)|a|d(a)|b|d(b)|c)
+|w|aba(|d(a)|a|d(b)|b|d(a)|c) + |w|abb(|d(a)|a|d(b)|b|d(b)|c)

+|w|bba(|d(b)|a|d(b)|b|d(a)|c) + |w|bbb(|d(b)|a|d(b)|b|d(b)|c)
= 252(|w|aaa + |w|aba + |w|bab + |w|bbb) + 216(|w|aab + |w|abb)

+294(|w|baa + |w|bba)

Thus

|d(w)|abc = 126((|w|a)2 + (|w|b)2)− 80|w|a − 95|w|b + 216|w|ab + 294|w|ba

+252(|w|aaa + |w|aba + |w|bab + |w|bbb) + 216(|w|aab + |w|abb) + 294(|w|baa + |w|bba).
This proves statement (iv).

Now we consider images of binary words under Dejean morphism and deal with the
problem of M -equivalence of words. We need the following Lemma 3.

Lemma 3. [1] Let α, β be any two M-equivalent words over Σ2 and ϕ : Σ∗
2 7→ Σ∗

3 be a
morphism Then M(ϕ(α))−M(ϕ(β)) is a 4× 4 matrix with all entries zero except the entry
in the first row and last column, which is n = |ϕ(α)|abc − |ϕ(β)|abc, an integer.

If u and v are two M -equivalent words over {a < b}, then d(u) and d(v) need not
be equivalent. For example, the binary words aabba and abaab are M -equivalent
while d(aabba) and d(abaab) are not M -equivalent by Lemma 3, since |d(aabba)|abc ̸=
|d(abaab)|abc. We show that the converse, namely M(d(u)) = M(d(v)) implies
M(u) = M(v) holds whenever the binary words have the same Parikh vector.

Theorem 3.2. If u and v are two words over Σ∗
2 such that (i) |u|a = |v|a, |u|b = |v|b and

(ii) d(u) and d(v) are M -equivalent, then u and v are M -equivalent.

Proof
Since u and v are two words having same Parikh vector over Σ∗

2, we have |u|a = |v|a,
|u|b = |v|b and |u| = |v|. Using Theorem 3.1 we see that

|u|ab =
1

6
(21|u|2 − 3|u|2a − |d(u)|ab)

=
1

6
(21|v|2 − 3|v|2a − |d(v)|ab) , since d(u) and d(v) are M -equivalent

= |v|ab

A sufficient condition on two binary words u, v is now derived in order that the
Parikh matrices of the words d(u) and d(v) commute. We recall a property, called
weak ratio property of words, considered in [17] and state a known result [11] needed
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to obtain this condition.

Two words u, v over {a < b < c} satisfy a weak-ratio property [17], written
u ∼wr v, if there is a constant k > 0, such that |u|a = k|v|a, |u|b = k|v|b and
|u|c = k|v|c. If the alphabet is {a < b}, u ∼wr v, if there is a constant k > 0, such
that |u|a = k|v|a and |u|b = k|v|b.

Lemma 4. [11] Let u, v be two words over Σ∗
3 satisfying (i) the weak-ratio property,

namely, u ∼wr v and (ii) |u|a|u|bc = |u|ab|u|c and |v|a|v|bc = |v|ab|v|c. Then the words
uv, vu are M-equivalent i.e. M(uv) = M(vu).

Theorem 3.3. Let the words u, v ∈ Σ∗
2 be such that |u|a = |u|b and |v|a = |v|b Then

M(d(uv)) = M(d(vu)) so that d(uv), d(vu) are M -equivalent, where d is the Dejean mor-
phism.

Proof
Since |u|a = |u|b and |v|a = |v|b, the words u, v satisfy the weak-ratio property. Also,
using Theorem 3.1 , we have

|d(u)|a|d(u)|bc = (6|u|+ |u|b)
[
21|w|2 − 3|w|2a − 6|w|ab)

]
=

[
21|w|2 − 3|w|2b − 6|w|ab)

]
(6|u|+ |u|a)

= |d(u)|ab|d(u)|c

Likewise |d(v)|a|d(v)|bc = |d(v)|ab|d(v)|c. Hence by Lemma 4,

M(d(uv)) = M(d(vu)).

Atanasiu [2] has considered some specific binary words and has shown that the images
of these words under a special morphism, known as Istrail morphism, are not M -
equivalent. Here we consider the images of these binary words under Dejean morphism
and note that they are M -equivalent under certain conditions. We also consider an
antimorphic involution [9] θ with θ(a) = b, θ(b) = a and alphabet Σ2 satisfying
θ(uv) = θ(v)θ(u) for words u, v over Σ2. We then prove that images under the Dejean
morphism of a word u over Σ2 and θ(u) are M -equivalent whenever u, θ(u) are M -
equivalent. First we recall some results from [1] and [3].

Lemma 5. [3] (a) Let Σ2 = {a < b}, Σ3 = {a < b < c}. Let w = abαba and w′ = baαab
where α ∈ Σ∗

2 and |α|a = |α|b. Let ϕ : Σ∗
2 → Σ∗

3 be a morphism such that (i) |ϕ(a)|a =
|ϕ(b)|c; |ϕ(b)|a = |ϕ(a)|c and (ii) M(ϕ(abba)) = M(ϕ(baab)). Then M(ϕ(w)) = M(ϕ(w′)).
(b) Let Σ and Σ′ be two finite ordered alphabets. Let ϕ : Σ∗ → Σ′∗ be a morphism. Let u, v
be two words over Σ satisfying the weak ratio property. Then the image words ϕ(u) and ϕ(v)
also satisfy weak ratio property.

Theorem 3.4. Let δ ∈ Σ∗
2 with an equal number of a′s and b′s. Then the word d(abδba)

is M -equivalent to the corresponding word d(baδab) where d is the Dejean morphism.
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Proof
We have |δ|a = |δ|b and from Theorem 3.1, |d(a)|a = 6 = |d(b)|c; |d(b)|a = 7 = |d(a)|c.
Also, it can be seen that M(d(abba) = M(d(baab)), on taking u = ab and v = ba in
Theorem 3.3. Thus by Lemma 5, we have M(d(baδab)) = M(d(abδba)).

Theorem 3.5. Let the words u, v ∈ Σ∗
2 be such that θ(u) = v and M(u) = M(v), where θ

is the antimorphic involution given by θ(a) = b, θ(b) = a. Then M(d(u)) = M(d(v)), where
d is the Dejean morphism.

Proof
Since M(u) = M(v), we have |u|a = |v|a, |u|b = |v|b and so the words u, v satisfy
the weak-ratio property. Therefore d(u) and d(v) satisfy the weak ratio property by
Lemma 5. Also |u|ab = |v|ab . Using Lemma 3, d(u) and d(v) are M -equivalent if
|d(u)|abc−|d(v)|abc = 0. Now using the formulae (Theorem 3.1) for counting subword
abc under Dejean morphism [7] we obtain

|d(u)|abc = 126(|u|2a + |u|2b)− 80|u|a − 95|u|b + 294[|u|ba + |u|baa + |u|bba]
+216[|u|ab + |u|aab + |u|abb] + 252[|u|aaa + |u|bab + |u|aba + |u|bbb]

= 126(|v|2a + |v|2b)− 80|v|a − 95|v|b + 294[|v|ba + |θ(u)|θ(baa)
+|θ(u)|θ(bba)] + 216[|v|ab + |θ(u)|θ(aab) + |θ(u)|θ(abb)]
+252[|v|aaa + |θ(u)|θ(bab) + |θ(u)|θ(aba) + |v|bbb]

= 126(|v|2a + |v|2b)− 80|v|a − 95|v|b + 294[|v|ba + |v|bba + |v|baa]
+216[|v|ab + |v|abb + |v|aab] + 252[|v|aaa + |v|aba + |v|bab + |v|bbb]

= |d(v)|abc.

This proves the Theorem.
In more general terms, we give the following necessary and sufficient condition for the
morphic images of two binary words u and v to be M -equivalent.

Theorem 3.6. Let the words u and v be two M -equivalent binary words over Σ2 satisfying
the condition 49(|u|baa+ |u|bba)+36(|u|aab+ |u|abb)+43(|u|bab+ |u|aba) = 49(|v|baa+ |v|bba)+
36(|v|aab + |v|abb) + 43(|v|bab + |v|aba). Then d(u) and d(v) are M -equivalent.

Proof
Let the words u and v be M -equivalent words satisfying the above condition, then
we have |u|a = |v|a, |u|b = |v|b, |u| = |v|, |u|ab = |v|ab. Therefore, |u|ba = |v|ba,
|u|aaa = |v|aaa and |u|bbb = |v|bbb.
Now using the formulae as in Theorem 3.1 for counting scattered subword a, b, c, ab, bc

and abc, it can be easily shown that d(u) and d(v) are M -equivalent.

Remark The set of words satisfying the condition in Theorem 3.6 is not empty. For
example, take the words abaab and aabba.

Atanasiu [2] has proved a necessary and sufficient condition ([2, Theorem 7])
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relating to M -equivalence under Istrail morphism. Here we obtain an analogue of
this result as a corollary of Theorem 3.6.

Corollary 1. Let the words u and v be two words over {a < b} satisfying |u|x = |v|x, for
x ∈ {baaa, bba, aab, abb, bab, aba}. Then d(u) and d(v) are M-equivalent if and only if u and
v are M-equivalent.

4. Conclusions

We have derived certain properties related to subwords and Parikh matrices of the
image words under Dejean morphism, which in some sense is an extension of Thue
morphism. Construction of other kinds of M -equivalent binary words whose images
under special morphisms on three or more letters are M -equivalent, is a problem of
interest for future work.
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