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Abstract. The computational power of Eilenberg P systems with string
objects and rewriting rules in generating languages, has been studied.
Extending this system to two dimensions, we introduce here an Eilen-
berg P system P2DEPS with rectangular picture array objects and
pure 2D context-free rules and examine the array language generating
power of these systems. We show that with two membranes, any pure 2D
context-free language can be generated. We also show that P2DEPS has
more generative power than pure 2D context-free grammar (P2DCFG).
We also compare P2DEPS with certain other picture array generating
grammars.

Keywords: Eilenberg P system - pure context-free rules - pure 2D
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1 Introduction

In the area of membrane computing [7,8], based on the biologically inspired
computing model of P system introduced by Gh. Pdun with string objects and
evolution rules involving rewriting operation [6], a P system, called Eilenberg P
system (EPS) was introduced in [1]. An EPS involves an Eilenberg machine
which is similar to a finite state machine having associated with each transition,
a specific set of evolution rules that are context-free rewriting rules belonging to
a region of the EPS. The EPS starts in an initial state with an initial set of
string objects. In the current state, with a current set of string objects, the EPS
evolves by applying the rules associated with one of the transitions emerging out
from the current state. The EPS continues its activity from the next state of
the transition. Here we extend the concept of an EPS to two dimensions by
introducing a P system, called pure 2D Eilenberg P system (P2DEPS) having
picture array objects and tables of pure 2D context-free rules [12] as evolution
rules in its regions. Here again as in the case of FPS, we have an Eilenberg
machine with the evolution rules from the regions associated with the transitions.
We examine the picture array generative power of P2DFEPS and show that any
pure 2D context-free language [10] can be generated by a P2DEPS with two
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membranes and that P2D E PSS has more generative power than pure 2D context-
free grammar (P2DCFG). We also compare the generative power of P2DEPS
with certain other picture array grammars.

2 Preliminaries

For formal language theory related notions, the reader can refer to [9] and to
[5,12] for two-dimensional array grammars and languages. For P systems and
array P systems we refer to [6,11]. For the definitions of Eilenberg P system and
Eilenberg machine we refer to [1, 3]. We now recall certain basic notions on words
and picture arrays as well as the definition of pure 2D context-free grammar [12].

A finite set T" of symbols is called an alphabet. A word or a string w = ajaz . ..am
a; € T,1 <i<m,(m > 1) of length m over an alphabet T is a finite sequence
of symbols belonging to T. We denote by |w|, the length of the word w. The set
of all words over T, including the empty word A with no symbols, is denoted
by T*. For any word w = ajas .. .ay, t(w) is the vertical word with the word w
written vertically. For example, if w = aab over the alphabet {a, b}, then t(w) is
a

a. A pxqarray with p rows and ¢ columns (also called a p x ¢ picture array)
b

M over an alphabet T is of the form

where each a;; € T,1 <1 < p, 1 < j < q. We denote by |M|,, the number of rows
of M and by |M|., the number of columns of M. The set of all picture arrays
over T is denoted by T**, which includes the empty array \. 7T+ = T** — {\}.
A picture array language is a subset of T**.

Definition 1. A pure 2D contezt-free grammar (P2DCFG) is given by

G = (T, Ry, R2, X ) where

o T is a finite set of symbols ;

o Ry ={g|ll<i<m},Ry={r;|]1<j<n};

Each ¢;, (1 < i < m), called a column table, is a set of pure context-free rules
of the form a — a,a € T,a € T™* such that for any two rules a — a,b — [ in
¢i, we have |a| = |B|; Each r;,(1 < j < n), called a row table, is a set of pure
context-free rules of the form d — t(v),d € T and v € T* such that for any two
rules d — t(7y),e — t(d) in r;, we have |y| = |d[;

o X CT* —{M\} is a finite set of axiom arrays.

A derivation in a P2DCFG is defined as follows: For any two arrays My, M,
we write My = Moy if My is obtained from My by either rewriting a column of
M by rules of some column table c; in Ry or a row of My by rules of some row
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ablbla  Lpppa

aa a b b a aba abbba
Mo=eld|e = [e][d][d][e] = ed|d|e = eddde =M
aa a b b a aba abbba

aba abbba

Fig. 1. Derivation My =" M,

table 7; in Ry. The reflezive transitive closure of = is denoted by =* .
The picture array language L(G) generated by G is the set of picture arrays
{M|My =* M € T**, for some My € X}.

The family of picture array languages generated by pure 2D context-free gram-
mars is denoted by P2DCF'L.

We illustrate picture array generation in a P2DCFG with an example.

Ezample 1. Consider the pure 2D context-free grammar Gy = (T, Ry, R2, {Mo}})
where T' = {a,b,d, e}, Ry = {c}, Ry = {r}. The column table ¢ and the row table

a b aba
r are given by c={b = bb,d > dd},r=¢e—e,d—d ), My=ede
a b aba

On using ¢, r, ¢ in this order, we have the derivation My =* M;, which is shown
in Fig. 1. The symbols rewritten in a column or a row are enclosed in boxes in
the Figure.

3 Pure 2D Eilenberg P System

We now introduce a new array P system, called pure 2D Eilenberg P system
(P2DEPS) extending the definition of EPS to two dimensions with the regions
of the P system having rectangular picture array objects and pure 2D context-
free grammar type of tables of rules but the picture arrays evolve on applying the
rules of the tables in the regions that are associated with a transition emerging
out of the current state. Thus the definition of the two-dimensional extension of
EPS is very similar to the string case [1, 3| except that a deterministic version
of the Eilenberg machine is used in the sense that the system from a given state
moves to at most one state on reading the label of a transition. Some or all the
states can be final states. The working of the two-dimensional extension of EPS
is also similar to the string case except that the result, namely, the picture array
generated, is collected in a designated output region of the system.

Definition 2. A pure 2D Eilenberg P system (P2DEPS) is given by II =
(/’[”Ta Q)Xh o 7X7lacv 5a QO7Fa iO) where
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(i) p is a membrane structure having n membranes;

(#4) T 1is the alphabet of the system;

(#it) Q is a finite set of states;

(iv) X;,(1 < i < n) is a finite set (which can be empty) of picture arrays

representing the initial value in the region labelled i;

(iv) C = (C1,---,Cp), where for 1 <i < p, the component C; = (P, 1,---,Pi )
with P; ;, a finite set (which can be empty) of column and/or row tables of
pure 2D context-free grammar rules (as in Definition 1) with a target (here,
in or out) for each table of rules and the elements of P; ; belong to region i;

v) §:Q x C;— Q is the next-state function;

vi) qo is the initial state;

vii) F is a set of final states;

viit) g is the label of the output region where the result of the system is col-
lected.

(
(
(
(

A computation in a P2DEPS takes place as follows: A computation starts with
the initial state qo and the initial configuration of the system (My,---,M,). A
column or a row table of pure context-free rules in the component associated with
the transition emerging out of qo, is used to rewrite (with the rewriting done as in
a pure 2D context-free grammar) the picture arrays in the corresponding region.
At a time, only one table of rules can be applied to a picture array rewriting a
column or a row of symbols and all the picture arrays which can be rewritten are
to be rewritten The picture arrays evolved either remain in the same region or
are sent to an immediate inner or outer region depending on the target here, in
or out indicated with the table of rules. The process is continued using a table
of rules in the component associated with a transition from the current state
to which the system reaches from an immediate earlier step. At a given step of
computation, a picture array in a region to which a non-deterministically chosen
table of rules in the component used is applicable, is rewritten (as done in a pure
2D context-free grammar), thus evolving the picture array. The process repeats
and the resulting configuration of the system in a computation step consists of
picture arrays evolved at that moment. A computation halts when no table of
rules associated with the current transition is applicable to the picture arrays in
the regions. When the system reaches a final state and a halting computation,

the picture arrays collected in the output region ig constitute the picture array
language L(IT) generated by the P2DEPS.

The family of picture array languages generated by P2DEPS is denoted by
L(P2DEPS). If we indicate the three parameters, namely, the number of mem-
branes at most m, the number of states at most s and the number of components
at most p, then we denote the system by P2DEPS(m, s, p) and the corresponding
family by L(P2DEPS(m, s, p)).

We illustrate with an example.

Ezample 2. Consider the P2DEPS(1,3,3)
Hl - ([1]17 {CL, ba da 8}7 {Qh q2, q3}a leca 67 qi1, 17 {Q3}) where
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C = (C1,C2,C3), 6(q1,Ch) = 42,6(q2,C2) = q1,6(q1,C3) = g3, with C1 =
({a1}),Co = ({r}),C5 = ({c2}). The column tables ¢1,co are given by ¢; =
{e = aeb,d — ddd}, co = {e¢ — ab,d — dd}. The row table r is given by

r={a — Z,e — Z,b — 2} All the tables of rules have the target here.
X1 = {M;}, with the initial value in the region being M; = 32 Z

The picture array language L(I11) generated by II; consists of (n+1) x (2n+2),
(n > 1), picture arrays M where My; = a for 1 < j < n+1, My; = b, for
n+2 < j < 2n+ 2 and all other entries are d. A picture array of L(II;) is
shown in Fig. 2. The P2DEPS II; has only one membrane with an initial value,

a---aeb---b
d---ddd---d
d---ddd---d

Fig. 2. A picture array of L(II,)

namely, the picture array M; in the membrane. The system I[I; starts in the
initial state ¢;. If the emerging transition at ¢; given by §(¢1,C1) = g2 is used,
then the rules of the column table ¢; are used to rewrite the column ¢(ed) of the
only initial picture array M; to yield a picture array

aaebb
M2=gdddda
The next state reached by the system is go. The system now uses the only
emerging transition given by (g2, C2) = ¢1 and so the rules of the row table r
are applied rewriting the row aaebb of M, yielding the picture array

aaebbd
Ms=ddddd
ddddd

while the system reaches the next state ¢;. The process can repeat as many
times as needed until the emerging transition at ¢; given by §(q1,C3) = g3 is
used which makes the system reach the final state g3 while the rules of the
column table co are applied to the picture array rewriting the symbols in the
column t(ed - - - d) and yielding the picture array of the form shown in Fig. 2. The
computation halts as there is no outgoing transition in the state ¢s. Since the
system reaches a halting computation and is also in the final state, the picture
array generated is collected in the picture array language L(II1). In fact L(I1;)
belongs to the family L(P2DEPS(1,3,3)).
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4 Comparison results

We now compare the picture array generative power of P2DEPS with P2DCFG.
We show that a P2DCF' L can be generated by a P2DEPS with two membranes,
one state and two components. We also construct such a P2DEPS generating
a picture array language that cannot be generated by any P2DCFG.

Theorem 1. P2DCFL C L(P2DEPS(2,1,2))

Proof. Consider a P2DCFG G = (T, Ry, Ra, X) generating a picture array
language L. We construct a P2DEPS IT = ([1[2)2]1, T, {a1}, X,C,8,q1,{q1},2)
where C = (C4, Cs) with C1 = (R1UR2,0) Cy = ({c}, ) where the column table
c={a—alaecT} 6(q1,C1) = d(q1,C2) = q1. The tables of rules that belong
to Ry U Ry have the target here and the column table c has the target in. Cor-
responding to a derivation in the P2DCFG G, a computation in the P2DEPS
II is done as follows: The system II starts in the initial state ¢; and an initial
value which is an axiom picture array from X in the membrane with label 1.
Since d(¢1,C1) = q1, rules of a column or row table in Ry U Ry can be applied
simulating a corresponding step of derivation in G with the system remaining in
the state ¢ itself. Thus a sequence of derivation steps in a derivation in G will
be captured in the computation in I7. At any intermediate step of computation,
the system II can use the rules of the column table ¢ rewriting any column in
the picture array of that intermediate step. The application of the rules of the
column table ¢ does not change the picture array but the picture array is sent to
the inner membrane with label 2. The computation halts as there are no rules
(of the region 2) in the components that can be applied and the system is in
the final state ¢ itself. Thus every picture array of L is collected in the output
region 2. This proves the inclusion in the statement of the theorem.

Theorem 2. L(P2DEPS(2,1,2)) — P2DCFL # ¢.

Proof. We now consider a P2DEPS
aeb

Hl = ([1[2]2]13 {aa b,€}, {‘h}a {M0}76757 qi1, {q1}72) where MO = aeb’ C= (01702)
with C1 = ({e1,7},0) Co = ({c2},0) where the column tables are ¢; = {e —
b e

bae — 6}7 5(Q1acl) =
0(q1,C2) = q1. The tables ¢; and r have the target here and the table co
has the target in. The system II; generates a picture array language L; con-
sisting of m x 2n (m > 2,n > 2) picture arrays M such that M;; = a for
1<i<m,1<j<n,and M;; =bfor1 <i<m,n+1<j<2n. A picture
array of L, is shown below:

aeb}, co = {e — ab}, the row table is r = {a — Z,b —
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In fact the system I7; starts in the initial state g; with the initial picture array
My in the region with label 1. If the transition 6(q;,C2) = ¢1 is used, then the
rules of the column table cy are applied to My which evolves into the picture
aabd
aabbd’
with the system in the only state ¢; which is a final state. The picture array M;
is collected in the language. If the transition 6(q;,Cy) = ¢1 is used and the rules
of the column table c¢; are applied to My, then it evolves into the picture array
aaebbd
aaebd
any step of computation, the rules of the row table r can be used if the transition
selected is d(q1, C1) = q1 and a row of the form a*eb” (for some k > 1) is added
to the picture array. Again if the transition 6(q1,C2) = ¢ is selected with the
system continuing in the state ¢;, then the picture array generated is sent to
region with label 2 and the computation halts. As the state ¢; is a final state,
the picture array generated is collected in the language L;. But this language
cannot be generated by any P2DCFG. If such a P2DCFG G generates L,
then starting from an axiom picture array, a column of a’s or a column of b's are
to be rewritten by rules of a column table of rules. But then any pure context-
free rule for a or b will only yield pictures not in the language since every picture
array in L; has a certain number of continuous columns (starting from the first
column) of a’s followed by an equal number of columns of 's.

array My, = Mj is sent to the region with label 2. The computation halts

that remains in the same membrane. The process can continue and at

A two-dimensional picture array generating grammar, called regular matrix
grammar (RMG), was introduced in [10] and extensively investigated in many
studies. This two-dimensional grammar was later renamed as two-dimensional
right-linear grammar (2RLG) [5]. Extensions of RMG to the context-free and
context-sensitive cases have been considered in [10] and their properties have
been studied. We refer to these two-dimensional grammars as two-dimensional
context-free grammar (2CFG) and two-dimensional context-sensitive grammar
(2CSG) in line with the naming of 2RLG. We compare the generative power of
P2DEPS with those of 2RLG, 2CFG, and 2CSG. In all these three grammars,
namely, 2RLG,2CFG,2CSG, there are two phases of derivations with the first
phase involving respectively, regular, context-free and context-sensitive string
grammars generating a string language over a set of symbols, called intermedi-
ates. Every string of intermediates obtained in the first phase is rewritten in the
second phase in all these three grammars in the vertical direction using nonter-
minal regular grammar rules of the form A — aB applied together or terminal
rules of the form A — a that are applied together, to generate the columns of the
picture arrays over terminal symbols. The families of picture languages generated
by 2RLG,2CFG,2CSG are respectively denoted by 2RLL,2CFL,2CSL.

Theorem 3. L(P2DEPS(2,1,2)) —2RLL # 0.

Proof. Consider the picture array language Lo consisting of m x (2n+1) (n > 1)
picture arrays M such that My; = a, for 1 < j < n, Myuq1) = d, My; = b, for
n+2<j<2n+1, M;; =d, otherwise. A P2DEPS with two membranes, 1
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state and 2 components, generating Lo is given by

175 = ([sflels, {a by esdh {anh Mo}, C. 8,1, 2) where Mo = 551 ¢ =
(C1,Cy) with C; = ({c1,7},0), Co = ({c2},0), where the column tables are
1 = {e — aeb,d — ddd}, cs = {e — d,d — d}, the row table r = {a — Z,b—>

Z,e — 2} 0(q1,C1) = q1, 0(q1,C2) = q1. The tables of rules ¢y, r have the tar-
get here and ¢y has target in. The system IT) starts in the initial state ¢; with
the initial picture array My in region with label 1. If the transition 6(q1, C2) = ¢1
is used, then the rules of the column table ¢; or the rules of the row table r are
applied to My yielding a picture array which remains in the same membrane
and the next state is the same state ¢;. The process can repeat as many times
as needed generating a picture array of the form

a...aeb...b
d---ddd---d

d---ddd---d

With the system at the state gy, if the transition d(qi,C2) = q; is used, then
the rules of the column table ¢y are applied to the picture array evolved at that
moment yielding a picture array belonging to Lo. This picture array is collected
in the language as the computation halts with the system remaining in the final
state ¢q;. But the picture array language Lo cannot be generated by any 2RLG
since the first rows of the picture arrays constitute a context-free language,
namely {a"db™ | n > 1}. This would mean that a 2CFG will be required to
generate Lo.

Theorem 4. L(P2DEPS(1,2,2)) — 2RLL # .

Proof. The picture array language Lo considered in the proof of Theorem 3 can-
not be generated by any 2RLG as seen in the proof of Theorem 3. A P2DEPS
with one membrane, 2 states and 2 components, generating Lo is given by

died
H2 = ([1]17 {a’a b7 dla d27 €, d}7 {q17 q2}7 {MO}7C7 67 q1, {q2}a 1) where MO = dl d d2 ’
C = (C1,Cy) with C1 = ({¢,71}), Co = ({r2}), where the column table is
d1 dg (&
d,d2—> ¢ d}’
ro ={dy — a,ds = b,e = d}. §(q1,C1) = q1, 6(q1,C2) = q2. The tables of rules
have the target here. The system II, starts in the initial state ¢; with the initial
picture array My in region with label 1. If the transition (g1, Cy) = ¢1 is used,
then the rules of the column table ¢ or the rules of the row table r; are applied
to My yielding a picture array which remains in the same membrane and the
next state is the same state ¢;. The process can repeat as many times as needed
generating a picture array of the form

¢ = {e — dyeds,d — ddd}, the row tables are r = {d; —
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d---ddd--d
With the system at the state gy, if the transition §(q1, Co) = g2 is used, then the

rules of the row table ro are applied to the picture array evolved at that moment
yielding a picture array of the form

a--adb---b
d---ddd---d
d---ddd---d

This picture array is collected in the language as the computation halts with the
system reaching a final state go.

Theorem 5. L(P2DEPS(2,2,4)) — 2CFL # 0.

Proof. Consider the picture array language L3 consisting of m x (3n +2) (m >
2,n > 1) picture arrays M such that M;; = a, for 1 < j < n, My; = b, for
n+2<j<2n+1, My; =e, for 2n+3 < j < 3n+ 2, M;; = d, otherwise.
A P2DEPS with two membranes, 2 states and 4 components, generating L3 is
given by

I3 = ([1 [2]2]1v {CL, b7 €, €1, 62}7 {QIa q2}7 {M0}7Ca 63 q1,91, 2) where

b .

My = 23 dilz fla C = (C1,02,C5,Cy) with C1 = ({r1},0), C2 = ({e1},0), C3 =
({e2},0), Cy = ({72}, 0) where the column tables are ¢; = {e1 — ae1b,d — ddd},

b
ca = {e2 — eze,d — dd}, the row tables are r1 = {a — a,el — 3,1)—) ey —

d )
€2

d )
0(q1,C2) = g2, 0(q2,C3) = q1, (q1,C4s) = q1. The column tables of rules ¢y, co
and the row table of rules r; have the target here and the table of rules r9 has
target in. The system I3 starts in the initial state ¢; with the initial picture
array My in the region with label 1. If the transition §(q1,Cs) = ¢1 is used,
then the rules of the row table ro are applied to M; yielding a picture array of
the form 32 Z 32 which is sent to the output region 2 while the system If the
transition 0(q1,C1) = ¢1 is used, then the rules of the row table r; are applied
to My yielding a picture array with a row of d’s added below the first row. This
picture array remains in the same membrane and the next state is the same state
q1- The process can repeat as many times as needed generating a picture array

of the form

e — 2,}, ro = {a = a,b = bye — e,ey — d,eq — d}, 6(q1,C1) = qu,
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aerbeye

ddddd
ddddd

If the transition (g1, C2) = ¢o followed by 6(g2,C3) = ¢1 are used, then the

rules of the column table ¢; are applied followed by the application of the rules

of the column table ¢y to the picture array remaining in region 1, generating a
picture array of the form

d---ddd---ddd---d
Note that this process can be repeated with the state moving from g; to ¢o
and returning back to g;. When the system is at the state ¢y, if the transition

0(q1,C4) = g3 is used, then the rules of the row table ro are applied to the
picture array evolved at that moment yielding a picture array of the form

a-.-adb-.-bdc...c

d---ddd---ddd---d

d---ddd---ddd---d
This picture array is collected in the language as the computation halts with
the system reaching the final state ¢;. But the picture array language L3 cannot
be generated by any 2C'F'G since the first row of the picture arrays constitute a

context-sensitive language, namely {a"db™dc™ | n > 1}. This would mean that a
2C'SG will be required to generate Lo.

Theorem 6. L(P2DEPS(1,3,4)) — 2CFL # 0.

Proof. The picture array language L3 considered in the proof of Theorem 5 can-
not be generated by any 2C F'G as seen in the proof of Theorem 5. A P2DEPS
with one membrane, 3 states and 4 components, generating Ls is given by
HB = ([1]17 {aa ba dla d27 d3a €, d}a {qla q2, q3}a {MO}v C7 57 q1, {113}7 1) where

d d d .
M=) €= (C1,Ca, Gy, C) with Oy = ({r1}), Co = (fer, }) Cs =
({ca,}), Cy = ({r2}) where the column tables are ¢; = {e; — dieids,d — ddd},

s = {es — eads,d — dd}, the row tables are r1 = {d; — (ill,el N Zl,dQ -
2 €2
d’ d’
3(q1,C1) = qu1, 0(q1,C2) = q2, 6(q2,C3) = q1, 9(q1,Cs) = g3. All the tables of
rules have the target here. The system II3 starts in the initial state ¢; with the

initial picture array My in the region with label 1. If the transition §(q1,C1) = ¢1

ey — dg*) Cﬁ?,}, T2:{d1%a,dgg)b,dgﬁc,elﬁd,egﬁd}.
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is used, then the rules of the row table r; are applied to My yielding a picture
array which remains in the same membrane and the next state is the same state
q1- The process can repeat as many times as needed generating a picture array
of the form

ddddd
If the transition 0(q1,C2) = g2 followed by 6(g2,C3) = ¢1 are used, then the
rules of the column table ¢; are applied followed by the application of the rules

of the table co to the picture array remaining in region 1, generating a picture
array of the form

d---ddd---ddd--d
When the system is at the state g1, if the transition 0(q1,Cy4) = g3 is used, then

the rules of the row table ro are applied to the picture array evolved at that
moment yielding a picture array of the form

a-..adb-.-bdc...c
d---ddd---ddd---d
d---ddd---ddd---d
This picture array is collected in the language as the computation halts with the
system reaching the final state gs.

5 Conclusion

We have introduced here an extension of the string language generating Eilenberg
P system (EPS) to two dimensions with sets of pure 2D context-free rules in
the regions of the system. The resulting P system, namely, P2DEPS generates
picture array languages. It will be of interest to compare the generative power
of P2DEPS with other picture array grammar models such as [2,4].
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