Parallel Contextual Array Insertion Deletion P Systems and
Siromoney Matrix Grammars

S. Jayasankar #, D. Gnanaraj ThomasP,S. James Immanuel®, Meenakshi
Paramasivan®, T. Robinson? and Atulya K. Nagar®

aDepartment of Mathematics, Ramakrishna Mission Vivekananda College, Mylapore,
Chennai - 600004, India PDepartment of Science and Humanities (Mathematics Division),
Saveetha School of Engineering, Chennai - 602105, India “Department of Computer Science,
University of Trier, Germany 9Department of Mathematics, Madras Christian College,
Tambaram, Chennai - 600059, India *Department of Mathematics and Computer Science,
Liverpool Hope University, Liverpool, United Kingdom

ARTICLE HISTORY
Compiled January 22, 2021

ABSTRACT

James et al. have introduced a variant of P systems called parallel contextual ar-
ray insertion deletion P system and studied some of its properties. The family of
array languages generated by this variant of PCAIDPS includes families of ar-
ray languages like recognizable picture languages (REC) and context-sensitive ma-
trix languages £(CSML). In this paper we show that another interesting family
L(CF : RIR) of Siromoney matrix languages is included in the family of array
languages generated by PCAIDPS with two membranes.
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1. Introduction

A P system or a membrane system introduced by Gh. Paun [21] evolves in parallel. A
computation starts from an initial configuration of a system, defined by a membrane
structure with objects and evolution rules in each membrane and terminates when
no further rule can be applied. Various types of P systems have been introduced in
the literature and their properties, computing power, normal forms and basic decision
problems have been studied [22].

The study of P systems (Membrane Computing (MC)) can be broadly classified
into at least three categories:

(i) Theoretical aspects of MC.
(ii) Applications of MC.
(iii) Implementation of MC.

Recently, Petr Sosik [23] has given a suvey on models of P systems which solve hard
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problems belonging to the classes containing NP. Rudolf Freund in [24] has explained
how derivation models and halting conditions may influence the computational power
of P systems. It has been shown that P systems with proteins on membranes and
separation rules are efficient to obtain solutions to QBF-SAT [5]. James Cooper [13]
provided an alternative compact single-cell solutions to the graph 3-colouring problem
using P systems with compound objects. Ignacio Pérez-Hurtado et al [12] has presented
a compiler for membrane computing. The input P systems are written in a common
language called P-Lingua.

There are various applications of P systems in different fields have been summarised
in [9]. To mention a few, we see P systems

(i) modelling swarming and aggregating in a Myxobacterial colony [1].
(ii) relating with P colonies [19].
(iii) designing robot controllers [2].
(iv) relating to biological phenomenon that neurons communicating via spikes [29].

To take a turn to the field of image analysis, Daniel Diaz-Pernil et al [4] surveyed
applications of P systems in image processing. In this paper, we deal with applications
of P systems in terms of rectangular arrays of letters yielding pictures or images by
replacing letters by primitive symbols. Array rewriting P systems were introduced by
R. Ceterchi et al. [3] by combining the branches of membrane computing and picture
grammars. In [6], a P system model called contextual array P system with array
objects and array contextual rules has been introduced similar to the contextual way
of handling string objects in P systems [20]. An interesting model of array P systems
using contextual array grammars [8] with an application of Kolam patterns has been
considered in [7]. In [14], another P system model namely, external and internal parallel
contextual array P systems have been defined and examined. A new variant of P
system model called parallel contextual array insertion deletion P system (PCAIDPS)
has been studied in [15] based on array insertion and deletion operations and parallel
contextual array insertion deletion grammar [16]. It is proved that the family of array
languages generated by PCAIDPS includes families of array languages like recognizable
picture languages (REC) [10,11] and context-sensitive matrix languages £(CSMQG)
[25]. For an application of insertion and deletion operations in natural computing, we
refer to [17] and in P systems, we refer to [18].

Insertion Deletion System has the generative power equal to the class of recursive
enumerable string languages [28]. The primary motivation for studying PCAIDPS is
not only to develop the 2D counterpart of Insertion Deletion System available for one
dimensional string languages but also to find the status of £(PCAIDPS) among the
families of 2D languages available in the literature. As far as our knowledge goes,
there is no definite hierarchy for the families of 2D languages like Chomsky hierarchy
for the classes of string languages. Hence, we are motivated to show that PCAIDPS
has more generative power than any other class of 2D grammars generating languages
having intersection with REC and £(CSMG). One such family is £(CF : RIR) of
Subramanian et al [27] who have considered the Siromoney matrix grammar (SMG)
[25] and examined the notion of attaching indices to nonterminals in the vertical
derivations. The system (CF:RIR)SMG has greater generative power compared to
context free matrix grammars (CFMG) [25] with interesting applications in the studies

of tilings, polyominoes, noisy patterns and parquet deformations. In this paper we
prove that the family £(PCAIDPS5) includes the family £(CF : RIR) [27].



2. Preliminaries

In this section, we recall some notions of parallel contextual array insertion deletion
P systems and give an example. For further details of the P system we can refer to [15].

Let V be a finite alphabet, V*, the set of words over V including the empty word A.
Vt=V*—{A}. For w € V* and a € V, |w|, denotes the number of occurrences of a
in w. An array consists of finitely many symbols from V that are arranged as rows and

ail - GlIp
columns in some particular order and is written in the form, A =
am1 - amn
ail - Qip
or i .. i orinshort A= [aijlmxn ,forala;eV,i=12...,mandj=
am1 Gmn

1,2,...,n. The set of all arrays over V' is denoted by V** which also includes the empty
array A (zero rows and zero columns). VT = V** — {A}. The column concatenation

an - a by --- b
of A = : ., t]Jand B=|: . 1|, defined only when m = n, is
Am1 Gy by -+ bng
aj; - ap b - by
given by AQQB=| : .. : .. 1 ].As 1 x n-dimensional arrays can
Ui+ Gmp bn1 o bng

be easily interpreted as words of length n (and vice versa), we will then write their
column concatenation by juxtaposition (as usual). Similarly, the row concatenation of

a1 e alp
A and B, defined only when p = ¢, is given by A&B = C;)ml o C[L)mp . The empty
1o b
_bnl o bnq .

array acts as the identity for column and row concatenation of arrays of arbitrary
dimensions.

Definition 2.1. Let V be a finite alphabet. A column array context over V is of the
form, ¢ = [4l] € V**, uy,ug are of size 1 X p, p > 1.

A row array context over V is of the form, r = [uiu2] € V**, uy,ug are of size
px1l,p=>1

Definition 2.2. The parallel column contextual insertion (deletion) operation is
defined as follows: Let V' be an alphabet, C' be a finite subset of V** whose elements
are the column array contexts and ¢’ (p?) : V** x V** — 2¢ be a choice mapping. We
. o aij - A1(k—1)
define ©i(¢d) : V** x V** — 2V"" such that, for arrays A = s : ]

Amj *** Am(k—1)

Aip o A1(-1) A1(k—p) " A1(0-1) .
B:[ A }(B:[ e :|>,j<k<l,aijev,

Amk " am(’l—l) am,(l’ﬂ—p) am(’l—l)
(25}
I, € ¢i(A, B)(¢H(A, B)), L.(D,) = [ ] i =[] €
U,



( Q5 Ai(k—1) Qi o Ai(1—1) ) ( d( (277 B Qi(k—1) Qi(k+p) " Ai(1—-1) ))
Pe\ag+y; = au+n-1) 7 a@+nr = Agta-1) Pe \a@+n; = @+ e-1) 1 A+ ktp) = Qa+n-1) ) )

¢ € C,1<i<m—1,not all need to be distinct.
Given an array X = [aijlmxn,aij €V, X = X1(DAQOBPX2
(X = XiQADD.DBDX,),
an o aig-n aij ot Gigk-1) Qi ot G10-1) ay v Qi
Am1 = Am(j—1) Amj *° Am(k—1) Amk **° Am(l-1) Ami ** Amn
1<j<k<l<n+1l(or)l<j<k<Il<n+1, wewrite X =chlcol) y if
Y = XI(]DA@IC@B@XQ (Y = X1®A®B®X2), such that I. € (pé(A, B) (DC S
©4(A, B)). I.(D.) is called as the inserted (deleted) column context. We say that Y

is obtained from X by parallel column contextual insertion (deletion) operation. The
following 4 special cases for X = X1(DA(DB({D X, are also considered,

(1) For j =1 we have X; = A.

(2) For j =k, we have A= A. If j =k =1, then X; = A and A = A.

(3) For k=1 (For k+p=1), we have B = A.

(4) Forl=n+1,wehave Xo =A. If k=1=n+1(If (k+p)=1=n+1), then
B:AanngzA.

The case j = k = [ is not considered for parallel column contextual insertion
(deletion) operation.

Similarly, we can define parallel row contextual insertion (deletion) operation by
inserting (deleting) row context I,(D,) in between two sub-arrays A and B with the
help of row operation & and set of row array contexts R. We have X =" (rowa) y
if X = X,©A8BSX,

(X1846D,6B8X3) and Y = X16§A81.6B5 X, (X1654A5BEX>).

Definition 2.3. A parallel contextual array insertion deletion P system with h mem-
branes (PCAIDPS},) is a construct,

[1=V.T,u,C, R, (M, I1,Dv),...,(Mp, I, Dp), L, ot o2, 2, o)

where,

— V' is the finite nonempty set of symbols called alphabet;

— T C V is the output alphabet;

— W is the membrane structure with h membranes or regions;

— (' is the finite subset of V** called set of column array contexts;

— R is the finite subset of V** called set of row array contexts;

— M; is the finite set of arrays over V called as axioms associated with

the region p; of u;

— b V¥ x V** — 2 is the choice mapping performing parallel column contex-
tual insertion operations;

— QL VXV 2% is the choice mapping performing parallel row contextual
insertion operations;

— o V' x V** = 2¢ is the choice mapping performing parallel column contex-
tual deletion operations;

o V** x V** — 2 is the choice mapping performing parallel row contextual

deletlon operatlons
1=1,2,...,m— } > } where

— 1= 0 (o) { ({wil4:B) =[]
A= [, 00 ] By = [ 0 ] 1€ < k<l <nt1 (or

A(i41)j A(i41)(k—1) A(i+1)k a(z+1><171>




j<k<l<n+1, ac {here out,in;}, u; and u;y; are of size 1 X p with p > 1.
r

)
{({ (CZ,E): [wi u1+1])i:1,2,...,n—1},a)} where
|

Aji Qj(i +1> Aki Ak (it1) . .
=] ]E:[ : : ],1§]§k‘<l§m+l(0r)l§j<
A(kT1)i Ak—1)(i+1) A(1—1)i A(1-1)(i+1)
kE<l<m+1, a € {here,out,in.}, u; and u;y; are of size p x 1 with p > 1.
Di:Q)(or){({@C(AZ,B)—[UH]’ 1,2,..., —1},a>}where
Qij Gy i R %) :
A = [aiths ~ aiivaln ] Bi = laghily = acinaln] 1 <3 <k <l <n+1,
a € {here,out,in;}, u; and u;y; are of size 1 X p with p > 1.
(or)
{ {<p;?(C'Z~,EZ-) = [wi i1 ] ’7, =1,2,...,n— 1},04)} where
@ji Aj(i+1) A(k+p)i A(k+p)(i+1) .
=1, L E= i<i<k<ismttac
A(k—1)i A(k—1)(i+1) A(1—-1)i A(1—1)(i+1)

{here,out,in;}, u; and w;+1 are of size p x 1 with p > 1.
— 1ig is the output membrane.

The array language generated by [] is denoted by L(]]) and the family of array
languages generated by PCAIDPS with h membranes is denoted by £(PCAIDPS},).

Example 2.4. Consider a P system given by PCAIDPS,
H = (V’Tnua C,R, (Ml’Ille)a (M2aI27D2)a(pi:a %imSDg,SOS, 1),Wh61‘6
V={e X,Y} T={e,X};pu=[]2]o)1;
° X ° Y
e=il3] - [2]- [ Y
R — XY Y o e X o o Y Y Y Y Y Y
Y Y |lY Y lY Yl Y| X Y| Y e| |e X|’

M m}

M; =0;I; =0; Dy =
M, = { X X X :
We now define the insertion rules of Iy as follows:

X ° AA X ° AA

1 — 1 —_

al¥ =R} e



; Y Y i Y Y
$r [X X , e X] = [. X:| y Pr [X X , o .] = |:. .:| }7her€}§
We now define deletion rules of Dg as follows:
X . Y X ° Y Y Y Y
d _ d _ d _
(DRl) {{Spc |:X , .:| - |:Y:| 9 SOC |:Y , Y:| - |:Y:| 9 Soc |:X , X:| - |:Y:| )

dﬁjﬂ:ﬂ,dﬁ’ﬂ:m}m%

o X
Clearly, L([]) = { X X,
o X

SESESRRS

o X
o X
X X, - },thesetoftokensofH
o X
o X

of X's with the horizontal row of X’s exactly in the middle. A sample computation is
shown below.

In the sample derivation given below, A :?S’“J) B means A derives B using (k, «)
rewriting rule where k is either insertion (i) or deletion (d), « is either row (row) or
column (col) in the membrane s depending upon the contexts and r can be either a set
of insertion rules (IRi), i € {1,2,3,4,5} or a set of deletion rules (DRj), j € {1,2,3}.
Computations in My are performed as follows:



- is the (row or column) context inserted
- is the (row or column) context deleted
X o X X o o X
X X X=%h, X X X X =i
X o X X o o X
X Y o o X
Y o o X XY o o X
XY X X X 350 ¥ Y Y Y Y =
Y e o X XY X X X
X Y o o X
XY o o X XY o o X
XY o o X XY e o X
Y Y Y Y Y Y Y'Y Y Y
l
XY X X X =XY X X X :>?(2),7DR1)
Y Y Y Y Y Y Y'Y Y Y
X Y o o X XY o o X
XY o o X XY o o X
X o o X
X o o X § : : § X o o X
Y Y Y Y X X X X X o o X
X X X X :>€§jf§R2) vV Y Vv Vv :>€§ng3) X X X X.
Y Y YV Y X o o X X o o X
X o o X X o o X X o o X
X o o X

3. Main Result

In this section, we recall the definition of the Siromoney matrix grammar (CF :
RIR)SMG and an example [27]. We show that £(CF : RIR) C £(PCAIDPS,).

Definition 3.1. A right-linear indexed right-linear(RIR) grammar G is a five-tuple
(N,T,F,P,S) where N, T, F are finite, pairwise disjoint sets of nonterminals, terminals
and indices respectively; P consists of two types of productions, namely

(1) right-linear productions of the form A — xBf, A€ N,z € TU{\}, f € FU{\},
B € NU{A}, not all A, and

(2) indexed productions of the form Af — 2B, A€ N, B€ NU{A}, x € TU{\},
f € F,and S € N is the start symbol.

Derivations are as in a Chomskian right-linear grammar except that a nonterminal A is
replaced using a production of the form (1) or an index f is consumed by a production
of the form (2).



Definition 3.2. A (CF:RIR)SMG G = (G1,G2) is defined as follows:
G1 = (N,I,P,S) is a context-free grammar (CF) where N is a finite set of
non-terminals, I is a finite set of k intermediate symbols Si,S5s,---,S,r with
NNI=(,P is a finite set of production rules and S € N is the start symbol of Gj.
(G is called the horizontal grammar.

Go = {Go21,G22,Ga3,- - ,Go}, where each Go;,i = 1,--- k is called a vertical
grammar where Go; = (N;, T, F;, P;, S;) is a RIR grammar with NN;, F; being distinct
from N;, Fj for i # j(1 < i,j < k). The intermediate symbol S; of G is in N; and is
the start symbol of Go;.

The derivations are as follows: (G1 generates finite strings of intermediates as in a
Chomskian CF grammar. The vertical derivation starts with a string of intermediates
generated by G5 and proceeds in parallel as in Siromoney matrix grammar [25]. Rules
of the same type - either CF productions A — « or indexed productions Af — « with
the length of a being the same (3,2,1 or 0), are applied in the vertical derivation. At
every step of the vertical derivation, a row AjAs - - - A, of non-terminals is expanded

Ay o A . . -

! ™ is rewritten, consuming the indices.
fi = fm
A derivation successfully ends on generating an array M over T by rewriting a row
of non-terminals with(without) indices by rules of the form Af — a (A — «). The

array language generated by the grammar G is given by

or a string of indexed non-terminals

LG)={MeT*/S =g, aand a =5 M,a € It}

Let £(X : RIR) be the family of array languages generated by the Siromoney matrix
grammars (X : RIR), where X € {R,CF}. Here R stands for Regular grammar.

Example 3.3. The (R : RIR)SMG which generates the tokens H of 2’s with the
horizontal row of s exactly in the middle is as follows:

G = (G1,G29)
where
Gi1 = ({S,A}, {51, SQ}, {S — SlA,A — SQA, A — SQSl}, S)

generates strings of intermediates S15%45; for n > 1 and Ga = (Ga1, Ga2)
where

G21 — ({517 A17 A27 A3}7 {x}a {gla 92}7 PZI) Sl)

with Po; = {51 = zA192, A1 — A1, A1 — zA1g1, A2g1 — A3,
Azgi — xAs, A3ga — x},

G22 = ({327BlaB2)B37B4}3 {"$}7 {fl?f?}ap227 SQ)
with Pyy = {S2 — -Bif2, Bi = -B1f1,52 = -Baf2, By — -Bafi,
By — Bsfi, B3 fi = xB4, Bafi = By, Bafo — -}.

A sample vertical derivation is as follows:

Ay By A
515251 =G, A1 B2 A1 =G, 2 3 2 =G, r e r =G, T T X
» o e g h ¢ As By Az A
g2 f2 92 g f2 92



Example 2.4 and example 3.3 exhibit the fact that £(R : RIR)NL£(PCAIDPS,) #
(). We now proceed to prove the main result.

Theorem 3.4. £(CF : RIR) C £(PCAIDPS5)

Proof. This result can be proved by showing that for any (CF : RIR)SMG gram-
mar G generating a language L, a PCAIDPS5 || can be constructed to generate L by
introducing insertion deletion rules corresponding to the rules of the grammar G.

For every (CF : RIR)SMG, G = (G1,G3) with G, = (N, I, P,S), Go = (Ga1,- -+ ,Gay),
Goi = (N;, T, F;, P;, S;), N;, F; being distinct from N;, F; withi # 5,1 =1,2,--- k(1 <4,j <
k), we can construct a PCAIDPS,

H = (Vv Ta [1 [2]2]17 C,Rv (Ml,Ilv Dl)a (M2712; D2)7 Solcv 90;-7 3037 90;13 1)
such that L([]) = L(G) where V.= N U (U, N)UT U (UL, F)) UT U {#};

T=T;M;=0:;L = ,Dl_(Z);Mz_{ﬁ ?g i}

C

(@ (-
— N

w3 2 FF ik

’B—wePﬁeNye(NUT)}

B—wePﬁeNye(NuT)}

-

#3 Qo I Qo o

i‘C%cePi,CeNi}

C

d
DJ‘sz — cC; € Pi,ij — dDj S Pj}

N

C

cci Cfi—>cCiePl}

(-

N

¢ Cfi—>cePi}

-

R = {# CC%CCZfZGPZ,CENl}
# fi
# c P ,
u{# CiC—mC,LePZ,CeNZ}
# c _ _
U{# #‘C’%CGPZ,CGNZ}
&
] {Oft Dj C— cC’Z-fi eP,D— dDjfj S Pj,C e N;,D e Nj}
fi 1
c d .
U{CZ Dlj‘C%CCZ'GPi,D—)dDjGP],CGNi,DENj}
c d
U{# #‘C%CGPZ‘,D—)dEPj}
c #
fi #
c #
U{Oi #’C—wciePi,CeNi}




U :;:é ini—)CEPi7ij—>d€Pj}
c # , 4
U ” #C’flﬁcePl}
U< # CC—>CC¢fi0rC—>cCi0rC—>c€Pi}

C
Q
)

C—=cCifior C—cCior C—ceP;,D—dDjfj or D— dD, OTD—>dEPj}

C—>cC’i0rC’—>cEPi}

C

C

—
Q
=

Cfi—>cC;or Cf; —ce Pi,ij — dDj € Pj}

C
QA

fi

iniecCiePiorCfi%cePl}

H#o.

Cfi—>cC’i€PiorCfi—>c€PZ}

C
>Q FHFH =Q

-
=

Corresponding to every production rule in P of the grammar G, we define insertion rules

of I as follows:
(IR1) {{wg _ {jf Ssaec P},here},
{{@ic = {fﬂ%’YEP},here},
{{g&i- :{#B—>7€P,A6NUI}7here};

Corresponding to every production rule in P; of the grammar Go; € G2, we define insertion
rules of I as follows:

ETENTINTE T,

o3 @Ik W

9

# ¢
(IR2) {{@H# # o, # O]:{# OiC%CCifiGPi,OGI,CiENi}
# fi
) c d
(p;,[# # s C D] = {Cz Dj Cc = cCZfl S Pi,C S I,Ci c Ni,D — dDjfj S
fi gy
Pj,DGI,DjGNj},
. c #
oLl# # ., C #]:{C’i #C’—>cC’ifiePi,C'EI,C’iENi,}},here};
fi #

(IR3) {{@i[# s C]:{ﬁ é,C%cCieH,CeI,OieNi},

o [ #7c>m:{51§

N

C—=cCieP,Cel CieNy,D—dDj e P;,De

? J

I,DjeNj},

sl # . C ﬁz{& i

C—cC;eP,CelC ENi}},here};

10



##

(IR4) {{@i[# # C’fl—>ceP“CeIceT}

oL# # , C Cfi - c € P,Dg; - d € Pj,c,d € T,C,D €

I
— —_——
/—’H,—/h ko /—’H

Ik

I},wi[# # ., C

C’fi%cEPi,CGI,CET,}},heTe};

(IR5) {{cpir[# # o, C—>c€PZ7CeIceT

C —+ceP,ceT Cel,D—=deP,decTDc

1}%[# 4, C #]{; i

wo et ¢ 7 -{a 4

Ni,ij —)dDj €eP;,Decl, D, EN7}7

i{#a #C]#c
Prif b, # fi| T \# G
C
f

#} = {CC' ﬁ’Cfi—)CCi € P,a,beT,Cel,C; GNZ}},here};

C’%cEH,CGI,cET}},here};

Cfl — cC; € PZ',CLb,C,d S T,C S I,Cl €

Cfi—cC;ePLabeT,Cel C; eNz},

ila #
Lpr|:b #’

(IR7) {{Lp‘r[# a , # E]= i ;E—HaePi,a,eeT,EeNz}’

pila b {; %);‘E%eePz,aefeTEeNz,FeN
ohla # { E%eGR,aeETEGN}}here};
(IR8) {{ap;[# a {# E;|E - eE;f; € P,,E,E; € Nj,eeT
# fi

e f

cp;[a b R FE F] = {EZ Fj E — €Ezfz S Pi,E,EZ‘ S Ni,e,f S T,F — fijj S
fi fj

Pj,F7FjENj

. e #

(p;[a # , FE #]:{EZ #E—)eEifiEP,L'7E,EZ'EN7;,6€T}},}L€T6};
fi #

(IR9) {{wi[# a , # E}:{i EE—>eE ePz,EEeN“eeT}

e

B E — ek; € PEE; € Nje,f € T)F — fFj S

S

11



oo # . F #1={Ei i

(IR10) <{¢i[# “ | # E]={ﬁ i

FE —eFE; € P,,E, FE; € N;,e € T}},here}};

E—)eGP“aeETEEN}

gila b, E F]= ;E fE%eEPZ-,F%fGPj,a,e,fET,EENi,FGNJ},
olla # {; E—>eePi,a7e€T,E€Ni}},here};

(IR11) {{api[a {)\ )\a,beT}},out}.

Corresponding to every production rule in P of the grammar G, we define deletion rules
of Dy as follows:

(DR1) {{goﬁ} ff ﬁ = {f s—)aEP},here}
{{cpg ?ﬁ; ﬁ z{gﬁ—WyeP}JLere},
{{@2‘ f z_—{ﬁﬂ—wyeP,BeNUI},here};

Corresponding to every production rule in P; of the grammar Gg; € G4, we define deletion
rules of Dy as follows:

#
o ffaff 52 ]

[c d
Lfi g

C—>CCifi€PL',C¢ ENZ‘,CEI},

C — cCifi e P,C; € N;,)Cel,D— dDjfj €

N
: S
=

IS

m

=

S

m

~
H\./_/

S
{(pf Ci # , A )\] —{C #C’—)cC’if,-EPi,C’iGN,-,C’GI}},here};
Lfi #
(DR3) {{ws[i (‘; o A}{# CCHcCiePi,CieNi,CGI}
alc d — ) el ) )
{gor |:Ci D, . A /\} = {C D’C — ¢C; € P;,C; € Nj,C € I,D — dDj €
P, D, ENJ,DGI}
ajc # = C #|C—cC;eP,CieN;,,Cel here p;
Sar CZ # , A )\ - K3 (22 (2] 9 )

(DR4)

—
hS)
s

F 3k
I o

R
{0

C%cePi,CeI,ceT},

=}

D|IC —=ceP,ceT,Ccl,D—decP;,del,

hS)

—N——

| e— |
3 o
Ik Q.
>
>
| IR
I

12



C—)cEPi,ceT,CEI}},here};
i ?|Cfi—>cCiGPi,a,beT,C'EI,Ci €N, ;,
C

Dot & ¢C, € P,C € I,C; € N,,Df; — dD; €

fi fj

{(ﬂc # }_{c -
#r Ci # , XN X \fi #
# e
(DRG) {{‘Pg [# E; # QJ {# E
d

ARt

P;,F,F; € Nj,g; € Fj,e, f € }

wg[gi ﬁ y i #}_{E #

Cfi = cC; EPi,ceT,CEI,C’iENl}},here};

F —eFE;, € P, EE; GN,,eET%E]i},

FIE — el; € PZ',E,EZ‘ S ngz c .E,F — fF] c

hS)
Ho
e

E—eE, € PE,F;€ Nj,ecT,g; € fi}},here};

EE—>e€Pi,a,e€T7EENZ},

E—>eePi,a7e,feT,EeNi,FeNJ},

#

#

/ _

# .0 J—{E #
: {7 #

E—>eEPi,a,eeT,EeNi}},here};

aGT},

a,beT,

T}}h}
(DR9) ey oA, # a]—{# #‘GGT,
a,beT},

edA A, a #]:{# #aeT}},here};
(DR10) {{cp‘ci i ’ . a,bGT}},here},
' a,beT}}m},
a,beT}}ﬁem};
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(DR8) {{@f[# a , A A]={# #
H

o e e

eila # . A /\]={# ##

903[/\ A, a b]:{# #

—N—
—N
‘6
[el=H
[Sals}
I>/>/l Iyyl L 1
|
—N——

FFH FHFH F*FH




# _J# C

(DRLD) {{@f P gz}—{# fi
dl| € d _ C D

“rlc, Do, ogi gl i f

dD; € Pj,g; € F,D; ENj,DGI},

Cfi—)CCi EPi7gi€fi,C€I,Ci ENZ‘},

Cfi - cC; € P,g; € F;,C € I,C; € Ni,ij —

alc # _JC # ) ) Y : ) ) .
. [ci # . #}—{fi #’Cfﬁc@epwgzEfzaC€I7CzeNz}}7here},

(DR12) {{wf«‘

# e
# B #gilz{#E

E‘—>€E‘lfz e P,E E; GNi,gi Gfi7€€T}7

# i
Ce f
(pf,l E; F] g; 93] = {E FE—>eEle GR;,E,EZ' ENi,e,fET,gi 6]:7;7F—>
_fi f] )
fijjer,F,FjeNj,gj E]:j}7
e 4
©d |E; # gi #| = (E #|E — eE;f, € P,E,E; € Nj,e € T,g; €
_fi # ’

In membrane 2, there are eleven sets of column and row insertion rules of Is grouped
according to the rules of G; and G4 respectively of the grammar G.
For every rule S — « € P in Gy, column insertion rule(s) to insert the context # between

i and 7; are defined.
For every rule of the form g — v € P in G; the corresponding column insertion rules are

defined to insert the context # between ﬁ and ? (or) f and ’g

In membrane 2, there are twelve sets of column and row deletion rules defined in Dy based on
the rules of G; and G4 respectively of the grammar G.
For every rule S — o € P in Gy deletion rule(s) to delete the contexts ﬁ between # and

i are defined.

For every rule of the form 8 — v € P in G; the corresponding column deletion rules are
defined to delete the context 7; between # and i (or) # and i

Using these column insertion and column deletion rules of the P-system the same horizontal
derivation of the horizontal grammar G; of G can be achieved. It is to be noted that the rules
for the horizontal growth in Is and Dy of the P-system are defined in such a manner that the
column insertion rules and column deletion rules are applied alternatively.

To simulate the vertical derivation of the grammar G, row insertion and row deletion rules
are defined based on the rules of the vertical grammars Go;(1 < i < k) of G5 in G.

For the rules of the form C' — ¢C;f; , C — c¢C; , C — ¢, Cf; — ¢C; in P; of Go; the
corresponding row insertion and row deletion rules are defined in Iy and Dy respectively to
replicate the vertical derivation of the vertical grammars G;.

oA A A

It should be noted that we represent, for example Wb e d® o where a € {a,b, ¢, d}.

It is again to be noted that the rules for vertical growth in Is and Do of the P-system are
defined in such a manner that the row insertion and row deletion rules are applied alternatively.
A row insertion rule in I is defined to send the generated picture to the skin membrane which
is the output membrane.

The working of the P-system in membrane 2 is as follows: The axiom set consists of the array

7#% 75% ﬁ based on the starting symbol S of any (CF : RIR)SMG G. We consider the

rules in I and Dy to perform the parallel contextual column insertion and column deletion
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operations and these operations are performed alternatively to simulate the generation of
horizontal strings of intermediates based on Gy of G. Now we consider the rules in Iy and Do
to perform the parallel contextual row insertion operation and row deletion operations. Parallel
contextual row insertion and deletion operations are performed alternatively to simulate the
vertical generation of the picture based on Go;. Then using the parallel contextual column
deletion rules in Do, the #’s along the borders of the columns are deleted and finally using
the parallel contextual row deletion rules in Dy the #’s along the borders of the rows are

deleted. The resulting arrays belong to L(G). Finally, using the rule Yila b, X A=

{M

output membrane.
We now prove that the inclusion is proper. James et al [15] have proved that the
context-sensitive matrix language

(®)n " (X)n " (®)n "
(®)n (')n (')n

can be generated by a PCAIDPS,. It is clear that L cannot be generated by any (CF :
RIR)SMG as the horiztontal production rules of (CF : RIR)SMG are at the best context-
free. Hence £(CF : RIR) is properly included in the family £(PCAIDPS5). O

a,b € T}},out) € I, the resultant arrays are sent to membrane 1, which is the

The verification of the proof of the Theorem 3.4 using Example 3.3 is given in
the appendix A.

4. Conclusion

We have the following obsertions:

(i) The arrays generated by PCAIDPS are collected in the membrane 1 considered
as the output membrane. Since the membrane 1 serves the purpose of collection
of the arrays, the PCAIDPS in Theorem 3.4 can be considered as a P system
with one membrane if the arrays generated by the system is the same as arrays
sent out of the membrane system.

(ii) In one of the pictures generated by PCAIDPSs in Example 2.4, if we replace
the terminal X by the primitive "1 and all e by blank space, we get the following

image
- Cd
- [
CO C3O C3 C3 and if wereplace X’s by the primitive of the form C1,
L1 1
[ [

] ° (] -
1 ° (] ]
we get the following image "1 C3J CIJ CO.
[ ° (] L1
[ ° (] L1
(iii) PCAIDPS has greater generative capacity to obtain some known families of
two dimensional array languages. So far, we could show that £(PCAIDPS5)
includes REC, £(CSMG) and £(CF : RIR). We note that these three classes

15



are incomparable but not disjoint. It is worth investigating to form a hierarchy
among the families of two dimensional array languages. This paper strives in this
direction.
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Appendix A. Verification of the proof of the Theorem 3.4
using Example 3.3

We have listed only the insertion and deletion rules of the P systems || corresponding
to the production rules of the (CF : RIR)SMG of Example 3.3 as per the proof of
Theorem 3.4.

It should be noted that the rules of the P system [] are listed and grouped in order
to simulate the behaviour of the successful derivations of the (CF : RIR)SMG G of

Example 3.3 with the help of the axiom array o in M of [[, omitting the

# S #
useless rules.
Consider G1 = {S — SlA,A — SQA,A — 5251}.
For S — S1A, the corresponding column insertion rule of the P system is

i |# #|_# #
(IR1) {80,; [# 7 S] =5 A here}.
For A — S5 A, we have

[ # #|_# # - # S
(IR2) {{‘Pc 5. A =5, A oL {52 A} Sy }, here}.

)

For A — 5551, we have
i [# #| _# # # #| _# #
(IR3) {{(pc _Sl , A- S2 Sl I (pc 5'2 , A SQ 1 I here 9
Now Consider Gs.
For Sl — $A1g2 € P51 and SQ — OBlfg € PQQ, we have

# x °
(IR4) {{@i [# # , # Si)=# A, ol[# # , 51 S]=41 B,
# 92 g2 fo
[ ] ° [ ] X
eL[# # , Sy S2)=B1 By, ¢L[# # , Sy Si|=B1 A,
2 fe fa 92
T #
oL[# # , S1 #]|=4A #} : he?“e}-
g2 #
For 51 — xAng € P51 and Sy — OBQfQ € PQQ, we have
# x °
(IR5) {{80? [# # , # Si)=# A, ol[# # , 51 S]=41 By,
# 92 g2 fo
[ ) [ [ ] X
eL[# # , Sy S2)=By By, @L[# # , Sy Si|=By A,
2 fo fa 92
T #
eL[# # , S1 #]=4A #} 7 here}-
g2 #
For Ay — xA1g1 € P»1 and By — eBj f1 € Pao, we have
# oz x °
(IRG) {{(p; [# xr # Al] = # Al s QD; [:L' o A1 Bl] = A1 B1 N
# 0 g fi
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° [ ] ® xr

QO:,[. o . B Bl]:Bl Bl, QO:,[. x , B Al]:Bl Ala

fi h i 0
r  #
oL [x # ., A #]:Al #},here}.
g #
For A1 — zA191 € P>1 and B; — By f1 € Py, we have
# oz T °
(IR7) {{%[# x , # A=# A, ¢l[z e , A Bi]=A B,
# 0 g fi
e o o
@i[e o , By Bi]=By By, ¢lle z , By A]=DBy A,
o f i 0
T #
@ [x # ., A #]:Al #},here}.
g #

For A1 — A291 € P31 and By — Bgfl € Py, we have

R N
. By By Bs A
oL [o e ., B B2] = f13 ff? er [. z . B Al] - fl3 922’
olle # , A #]= ?f ﬁ} ) he're}.

For Asg1 — xA3 € Py and Bsfi — xBy € Pas, we have

i#l‘v#A27#J;ix.7A2B37.’ITI
(IR9) {{%[ u gl]—# Ag,cpr[ " fl]_As By

i|:..7B3 33:| xr T (pi|:0$,33 A2:| xr x
r

r fi fi|  Bs By’ fi 1| By Ay’
T # o, Ax H# T #

2 — h .

| B BEEE

For Asg1 — xA3 € Po>; and By f; — e By € Pao, we have
(IRlO) (p:‘ |:# x # A3:| _ # X 7 |:.’13 x A3 B4:| x °

4og | TH Ay T g fi| Az By’
o [x = , By B _* o o r x , By As _ e
il h fi] Ba By? 7T i ¢ B, Az’
LA A3 Byl _x e sile e By By _ e e
" g1 fi] As By’ 7T fi By, By’
;e =, By Ajs] _ e oz il # 0, As # _ oz # b
| fiog]  Ba Ay T [ g #| T A #( T

For Asgs — x € Py and Byfo — e € Pay, we have

il# oz, # A3l # oz |z e . A3 By| x e
(IR].]-) Pr |: # g2:| - # # y Pr |: g2 f2:|
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[ ] [ ]
# #
v # 0, Az #} T #
L = , here ;.
o { g #T# #
Consider again Gj.
For S — S1A4, the corresponding column deletion rule of the P system is

(DR1) {gog {;ﬁ i’é ’ i] :éf, here}.

For A — S5 A, we have

omy {{et[f % 4] <4 b}

For A — 5551, we have

(DR3) {{cpg 5#2 ?1 ’ ﬁ]:j}, here}.

Consider again G.
For S; — xA1g2 € Po1 and Sy — B fo we have,
€T [}
Al Bl N A A= Sl SQ )

# =
(DR4) {{gbi # A, N A
g2 f2
(o o o =z

# g2
¢ |By By , A A =8 S, 0% B A, A A =8 S,
NERRE fo g

T #
=5 #},here}.

qbff Ay # o , XA A
For S1 — xA1g2 € Po»; and Sy — eBs fs we have,

=# 51, ¢¢

92 #

# oz X °
(DR5) {{W # AL, X A =# S, ¢l A By , A /\] =51 Sz,
e g2 fo
[ ) [ ] [ X
¢?|By By , A A =8 So, ¢l [By A1 , A A| =5 S,
L fa f2 fa g2
Y &
o AL # N A =5, #},here}.
|92 #
For A1 — zA191 € P51 and By — eBjfi we have,
# =z Tz e
(DR6) {{(ﬁﬂ # A, # 92] =# A, ¢l |4 B, g2 fo| =41 Bi,
# 0 g fi
° ) [ ] i
¢ |B1 Bi , fo fol=B1 Bi, ¢¢|B1 A, fo 92] =B A,
fi h fi o
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ol AL # , go #| =A1 #L|H#E AL, # g =# A,
L9 # ) #* g
X [ ) [ ] [ ]
o214 By , g1 fi|=4A1 Bi,¢%|Bi Bi , fi fi|=B1 Bi,

5 N L1 N

[ T i [z #
¢t |B1 A1, fi gi| =B1 A1, ¢ AL # , g #| =
L fi g1 #

For A1 = zA191 € P21 and By — eBsf] we have

# oz x °
(DRT) {{@l # A, # g =# A, ¢ A By, g f2] =A, B,
7 g N
[ ] [ [ ] X
¢l |By By , fo fol =B1 Bi, ¢! |By A , fo g2| =B1 A,
i f o
P
oA # . g #] =4 #},here}-
g1 #

For S1 — xA1g2 € Po»1 and Sy — eBj fs we will have
€T [}
= # Sl,gbf Ay By, A A =51 Sy,

#
(DRS) {{gb;‘? # AL, XA
g2 fo
(e @ o =z

# g2
¢ |Bi By , A A =852 So, ¢l |Br A, A A =S S,
NERE fo 9

T #
=5 #},here}.

oA # A A
For S1 — xA1gs € Py; and Sy — eBs fy we will have

92 #
#
(DRY) {{¢ﬁ # A, A A
_. [ ] [} X

# g2
¢l By By , A AN =8 So, 60 |By A . A A =S S,
L fa f2 fo 92

. i
AL # o, N A =5 #},here}.
| 92 #

For A1 = zA191 and By — eBy fi we will have

=# Si, ¢

X [ ]
A1 BQ s A A :Sl 527
g2 [
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# x °
(DR10) <{¢f~l # A, # 92] =# A, ¢t [Al By , g2 f2] =A Bi,
#Foa g fi
) ) [} X
o2 |B1 Bi , fo fo| =B1 Bi, ¢ |:B1 A, fe 92} =B A,
i f i o
[z +# # x
ot A1 # , o #]Al #Mﬁg[# Ay, # 91]# Ay,
L9 # #* 0
xr [ ] ) °
¢4 By , g1 fi|=4A1 Bi,¢%|Bi Bi , fi fi|=B1 Bi,
g N | L1 N
[ o =z ] [z #
¢ |B1 A, fi qi| =B1 A1, ¢t A # . a1 #] =
_fl 9 i | 91 #
Ay #},here}.
For A1 — xAlgl € P,y and By — eByf1 € Pyo we have
# x °
(DR11) {{@Cﬂl l# A, # 92] =# A, ¢l |4 By , g2 fo| =41 By,
# a9 g1 N
) [ [} X
¢ |Bs By , f2 fo|=B1 Bi,¢? By A1, fo g2| =B1 Ap,
S i o
[z # # x
ot A1 # , o #]Al #Mﬁf[# Ay, # 91]# Ay,
L9 # #* 9
xr [ ] [ ®
oA By , g1 fil =41 Bi,¢¢|By By ., fi fi| =B1 Bi,
_gl fl ] _f1 f1
(e =z i [z #
¢ By A1, fi 1| =B1 A1, ¢t A # . a1 #] =
L fi | g1 #

Ay #},here}.

For A1 — A291 € P51 and By — Blfl € Py we have

(DRlQ){ (ng |:# A2 3 # gl:|:# Al; ng |:A2 B3 , 91 f1:| :Al sz

# 0 g fi
4 ?3 ?3 . hoh — By, By, ol 1;12 ﬁ ;g1 #} A
1 [ | | 91
By A fi gl # A #
4 | P3 2 5, J1 g1 d 2 g2
=By, A = A
qbr =f1 g1 : 2 1)¢r :# g1 :| # 1,
Ay B3 Bs Bs |
e R N fﬂ—Bz Bz,
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A
d 2
o |

#
#

y 92 #}:Al ” ¢d[33

By Al},here}.

For Asg1 — x©A3 € Py and Bsfy — xBy € Pss we have

T

d|# T, # o _# A gl oz, ¢ fi| _ A2 Bs
(DR13) { o {# As ] C# og o [A:z By } T fi?
@ fx oz, fi fi] _ B3 Bs | T fioo1] _Bs A
"|[Bs Ba | i T Ba Ag | A
¢d € # y g1 #:| — A2 # ¢d |:# xz ) # 92:| — # A2
" A # oo #T# A3 # g
gl T 92 f2| _ Az Bs g|® T fo fo| B3z Bs
"|As Ba | 9 fi7 7" |Bs By | h A
G| T fo g2 _ Bz A gl | & T 92 #] _
"|Bs Az i ;17 T Az #
A #
9 #},here}.
For A3g1 — x©A3 € Py and Byfi — eBy € Py we have
al# T # | _# Az gl e , g1 fi| __As By
(DR14) { o {# As ] C# oa o [A:s By } T fi?
@ (o o . fi fi] _ By By & (e =, fi a1 _ By As
"|Bs Bi | fi 7T | Ba As | h @
gl | @ #* o, o0 #}:A?, # o [# x , # 92}:# As
" Az # oo #T# A3 #og
| f2| _As By gl fo fo| _Bs By
"|As Ba | 9 fi7 7" |Ba By | A A
gl T fo g2 _ Ba As gl | # . 92 #] _
" |Bs Az i ;17 7T A3 #
A3 #
o #},here}.
For Asgs — x € Po1 and Byfo — e € Py we have
J# oz 0 AN # Ay fe e ., A Al As By
(DRID) {{¢ i |=% ol J=o 5
¢d|:. e A )\:| :B4 B4 ¢d |:O xr A )\:| _B4 A3
"# # fo fo7 T |# # fo g2
alz # . XA _As #
o [# 4 ] = 5 #},here}.

To delete the border symbols #'s we have the following deletion rules:

23



AMA e al=# g, Wl NN #]=H #,

¢g|:§a i]zia wg[iv i}:i}7here}

Thus we have constructed rules of the P system corresponding to the rules of the
grammar G.

A sample generation of tokens of H of x’s with exactly horizontal row of @’s in the
middle using the above rules is given below:

- - is inserted context
- - is to be deleted context
# # #:>coli # # OH# HH_HF H# HFH #:>cold
H# S H#TT2IRL 4§ A S #TH# S A S # T2DRI
# # # #:>coli H#OH# o HH#HH HHE #:cold
# S A # 2IR2E G S A A ## S S A A # T2DR2
# H# H#H H#HH# _ col; # #OH# HFH#H HF H_
# S1 So A # THIR2Z # G S S, A A #
# OH OH# H H# HH _ coly # H OH# H H# H# _ col
# Sy So So A A H# TERPRZA S S, Sy A # TR
# OH OH#H H H# H HH_H OH# H H# H H# HH _ col
# S Sy Sy Sy Sy A #  H# Sy Sy Sy Sy S A # 2DR3

# H# H# H# H#H H#H#H

# x ° ° ° T #
# H# H# H H HH o

=00 A1 Bt By By A #=

#oS S S S S # g2 fo fo fo g2 #

# 51 S22 Sy S S #
# H# H# H# H# HH
# A1 Bi Bi Bi Ar # =3pF =571
# g2 fo fo f2 g2 # 2DR4$ A ?1 ?1 ?1 A i e
# Sl SQ 52 52 Sl # g2 2 2 2 g2
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i # #
i # x
i # x
# =# A
i # 9
i # A
i # 92
#
i
i #
# #
#j;?}g% #
# #
e
i
i
S
, 4
# #
# #
# ot 7
i
# #
# #
# #
i # #
i # x
i # x
i # x
# _ # A
- # 0
i # A
i # 9
i # 0
# # 92

s

#

#

# =5 Do
7t

7t

7

# #

r #

r #

r #
Ay # =
g1 #
A #

g1 #

g2 #

# #

r #

r #

x row;
A, i =9.IR8
g1 #

g1 #

g2 #

7t

7t

7t

7t
=,
i

i

i

o

25




FFHF I FFHFIHIHFHFHE

FeF I I I I F I FHF I FHFFHFHFFEE

FeFHR I IR IIRFHFE

R

g1
g1
g1
g2

a8 883k

Ao
g1
g1
g1
g2

e 3 o o o I

x:ﬁ”@

[\

# H# OH# H# H# H#H#
+# # ° ° ° x #
+# # ° ° . x #
+# # ° ° ° x #
+# # x x x x x H#
# =5 1o # As By By By Az #=
# # A Bs By Bz Ay #
# # g hH i i o #
# # 9 i i i #
# # 9 i i i #

# 92 fo fo fo g2 #

i
i e
i # x e e e 1 #
i # x e e e 1 #
# # x e e e 1 #
#=oprz £ T T T T T #F =y,
o # A3 By By By Az #
- # 90 fH i i #
s # 9 1 i i #
- # 92 fo fo fo g2 #
-
# H# H# H# H H H #H
# # «x ° ° ° x #
# # «x ° ° . x #
# # «x ° ° ° x #
# H# x x xT x T H#
#=# x e e o z F=U0,
# # A3 By By By Az #
# # A3 By By By Az #
# # g hH L h o9 #
# # g hH L h o9 #
# # g2 fo fo fo g2 #
# H# H# H# H#H# H#H#
# # x ° ° ° T F#
# # x ° ° ° T F#
# # x ° ° ° T F#
# :>720?Iu;%i10 # x ° ° ° T #=
# # T e e e I
- # A3 By By By Az #
i # A3 By By By Az #
# # g H h o #
# g2 fo fo fo g2 #

26




8

8

8

8

FFHEHFHFHFFEI®

2,DR15

TOoOWq

T
FFH A FHF I

FHF 888888

0 0o 06 3 0 0 @

H

=

SIS
#.oox.oo#&b

e

SIS

H

J o 0 0 0 0 @ Fpoy O

S R

FHF IR IR IR IR IR IR TR
I

O R S 5 R R R

Haswsassatkg

0 0o 0 3 0 0 @

=0 0o 0 3 0 0 0

I
IS
#.o.x.oo#&b
I
s s 888883k

I

FFH W FHF I

B 88888 8
© e 6 6 S o o o
mm e 6 0 = o0 o o
r\:nzy e o 0o 3 0 0 o
I FIFH IR TR RE RS

8RR R R 88 =8

e o 0 3 0 0 0 It c:o.
c oo e e e e HFHR I I3
8 8 8888 8

e 0o 0 3 0 0 0 I

e 6 o = o0 o o
xxxxwaw# e 6 06 = o o o
B R B N N NS e 060 20 0 0
M 8 8 88888

2 2

S o

f TR

et F IR FH Ik )
HF 883888 83 R R R AR
e oo tie e e 8B 8 8888 8
e 6 6 S o o o

0o 0o 0 3 0 0 0 Ik

e 6 o = o0 o o
Jce 0 0 5 0 0 0 e o0 30 0 0
ke 88388883k 8RR 8 K88 K8 K
O e e S S T S S o RS

27




