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Abstract

We consider overdetermined systems of difference equations for a single function u which are consistent, and pro-
pose a general framework for their analysis. The integrability of such systems is defined as the existence of higher order
symmetries in both lattice directions and various examples are presented. Two hierarchies of consistent systems are
constructed, the first one using lattice paths and the second one as a deformation of the former. These hierarchies are in-
tegrable and their symmetries are related via Miura transformations to the Bogoyavlensky and the discrete Sawada-Kotera
lattices, respectively.

1 Introduction

Difference equations defined on an elementary quadrilateral of the lattice, also referred to as quad equations, constitute
probably the most well known and well studied class of discrete integrable systems, see for instance [9] and references
therein. Their integrability can be established in various ways and the most rigorous one is provided by the existence of
infinite hierarchies of generalized symmetries in both lattice directions, i.e. evolution type differential-difference equa-
tions compatible with them.

Even though integrable quad equations admit only one hierarchy of symmetries in one direction, the same hierarchy
may also be compatible with N-quad equations, i.e. difference equations defined on N > 1 consecutive quadrilaterals on
the lattice, [2, 5, 12]. More interestingly, such differential-difference equations may also define symmetries of overdeter-
mined systems of difference equations which are consistent [10]. For the continuous case the notion of consistent systems
of hyperbolic type was introduced in [4]. In the discrete case, there exist sporadic examples of consistent systems which
suggest that they could be related to a quad equation [11], or follow from quad equations via potentiation [10], or even
from the degeneration of symmetries of two-quad equations as we demonstrate below. But there do exist integrable
consistent systems which cannot be derived from a scalar equation in any of the aforementioned ways.

Here we consider first of all consistent systems which involve two two-quad equations, or, in our terminology, consis-
tent systems of order two. We discuss their properties and symmetries and their relation to quad equations. Motivated
by these examples, we propose a general framework for consistent systems of any order, and analyse the stencil on which
they are defined. We discuss certain choices for dynamical variables and how they are related to the initial value problem.
In particular the so-called standard dynamical variables are closely related to the symmetries of the system, and thus to
its integrability.

We construct two novel hierarchies of consistent systems and discuss their integrability properties. The first hierarchy
is constructed using a nice and simple method which employs lattice paths connecting the origin with the lattice points
(i, N+1-1),with i = 1,...,N. The integrability of the members of this hierarchy is established by the derivation of the
lowest order symmetries in both lattice directions which are related to the Bogoyavlensky lattice [6]. The construction of
the second hierarchy is more involved and only two systems were constructed explicitly. Their symmetries are given and
it is shown that they are related to the Sawada-Kotera lattice [2, 3]. Moreover it is shown how one hierarchy can be viewed
as a deformation of the other, and how these hierarchies generalise two well-known quad equations, namely equation
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derived in [10], and Adler’s Tzitzeica equation studied in [1],
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In this way we establish that these two quad equations are not some isolated objects but the lowest order members of two
integrable hierarchies of consistent systems.

The paper is organised as follows. In Section 2 we consider some examples in order to explore certain connections
of quad and two-quad equations with consistent systems and analyse the properties of the latter. The following section
is devoted to the development of a framework for the study and analysis of consistent systems of higher order, whereas
Section 4 deals with the derivation of two hierarchies of consistent systems, the study of their properties, and the analysis
of their relation. Finally, in the concluding section we discuss various perspectives on the subject, and in the Appendix
we present some supplementary results along with the proofs of some statements presented in Section 4.

2 From scalar equations to consistent systems

In this section we introduce our notation and give some necessary definitions in order to make our presentation self-
contained. Then we consider overdetermined systems and check whether they are consistent or not. We discuss how
such systems can be derived from scalar equations and finally we present a systematic method for their construction
starting with a two-quad equation and its lowest order symmetry.

Throughout this paper we deal with autonomous partial difference equations, or systems thereof, involving one un-
known function u of two independent discrete variables n and m. Since n, m do not appear explicitly in any of our
systems, we can, without loss of generality, present all equations evaluated at n = m = 0. Therefore, in what follows we
use the notation u;, j to denote the value of u at the lattice point (i, j), i.e. u;, ji= u‘(i , ]) Moreover, .¥ and 9 will denote
the shift operators in the first and the second direction, respectively, defined as %' J 7 (uo,0) = u;, j

With a symmetry of a system of partial difference equations we mean an evolution type differential-difference equa-
tion compatible with the discrete system. More precisely,

Definition 2.1. Let u depend also on a continuous variable t. Then, the differential-difference equation
Orupo = F([u))
defines a symmetry of the system of difference equations Q([u]) =0 if
0 o
> 9Q gigigy =0
i,j OUi,j
holds on solutions of the system. Here, the notation [u] means that these functions depend on a finite but otherwise unspec-
ified number of shifts of u.
We exemplify the notion of consistency with the use of two examples of systems involving two two-quad equations

Example2.1. Consider the overdetermined system
Ug,o(Ur,0U1,1 + Up,1Up2) U2 — @ =0, (1a)
up,0(U1,0Uz,0 + Up,1 U1,1) U2,1 + @ =0, (1b)

where a # 0 is a constant. In order to verify its consistency, first we write these equations as

a -a
y U1 = )
Uo,o (U1,0U1,1 + Up,1 Up,2) Uo,o (U1,0Uz,0 + Up,1 U1,1)

)

U2 =

and then check if the compatibility condition . (u1,2) = I (u2,1) holds modulo system (2). Equivalently, we can check if
the two different ways to compute u» lead to the same answer. If we shift the first equation in the first direction and then
use (2) to eliminate u; 2 and uy 1, we will end up with
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On the other hand, the shift of the second equation in the second direction and the use of the system for the elimination of
u1,2 and up,; lead to the same expression for uz». This clearly shows that the compatibility condition . (u1,2) = I (uz,1)
does not impose further restrictions on u, and therefore system (1) is consistent. OJ

Example 2.2. Another consistent system is the bilinear equations for the 7-function of the lattice KdV given in [11],

(p+PT02T10—(P— G T0,0T1,2—2GT0,171,1 =0, (3a)
(p+q@)T2,0T0,1 — (g —P)T0,07T2,1 —2pT1,0T1,1 =0, (3b)

where p, g are non-zero constants such that p # q. It is a simple calculation to verify that this system is consistent and in
particular to show that its consistency leads to
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i.e. a discrete Toda equation. 0

Consistent systems are relatively rare and probably more difficult to construct. Such systems may follow from the
potentiation of lower order systems as it is demonstrated in the following example. See also [10] for other examples.

Example 2.3. Potentiation of a quad equation
We start with equation [10]
v1,0v0,1 (voo+v11)+1=0 (4)
and its conservation law

Vo,0

(9 -DIn = (& -1DlIn(vo,ov1,0).

V2,0V1,0 V0,0 — 1

We can use this conserved form of (4) to introduce a potential u via the relations

U1,0 V0,0 Uo,1
_ — = Vp,0V1,0- (5)

’
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If we solve them for u; o and 11, their compatibility condition I (u,0) = % (up,1) is identically zero on solutions of (4).
On the other hand, it follows from the equations that

Uo,1 1,0 (40,0 V0,0 + U1,0)
Vio=—"—, U0= . (6)
Uop,0 V0,0 Ui,oUo,1
The compatibility condition .#(v1,0) = v2,0 of the latter system implies
U1,0
Voo=—". )
Ui,1 — Uo,0
Substituting this into the first relation in (6) and the quad equation (4) we end up with the system
(u1,0 — uo,2) (Uo,0 — U1,1) Uo,1 — (U1,0 — Up,2) Up,oU1,2 — Up2Ur,1 U2 =0, (8a)
(u1,0 — uz2,1) (to,0 — U1,1) Uo,1 — Up,oU1,0U2,0 = 0. (8b)
It can be shown that system (8) is consistent. Indeed, rearranging the equations of the system and write them as
(u1,0 — uo,2) (Uo,0 — U1,1) to,1 Up,0 U1,0 U2,0
U2 = Up =Ulg— 9)

) )
(1,0 — Up,2) Up,0 + Up2U1 1 (0,0 — u1,1) Uo,1

we can easily show that both of them lead to the same expression for u; », namely

Uzo Ul Uo,0 Ui,oU2,0
Uz =uUpo|l-——-—+ ‘
Uop,1  Uo2  Uo,0 — U1 Uo,1Up2




Finally, using the Lax pair for (4) found in [10] along with relations (6) and (7) we end up with

0 1 0 0 0 1
u — Uy U1 —Uo,0
\Pl,O = uooiv(zu 1 uoo(;l A \PO,O» \PO,I = -1 0 U0 \PO,O’ (10)
'_1 ' 0 Ui,1—Uo,0 uppu11 +ugo(1,0—U2) -1 0
u1,0 Auo,1 (uo,0—u1,0) A
which is a Lax pair for system (8). g

Consistent systems can be derived from a rather unusual approach employing symmetries. It is well known that
symmetries provide us the means to find particular classes of solutions, aka group invariant solutions, by solving the
overdetermined system of the equation and the vanishing of the characteristic of the symmetry generator. But if the
symmetry generator is a rational expression, we may consider the vanishing of its denominator as an additional equation.
This looks odd in first place but surprisingly it provides us with equations consistent with our original equation as it is
explained in the following example. See also [5] for quadrilateral equations defining particular solutions of two-quad
equations, [3] for examples involving higher order quad equations, and Lemmas 5.1 and 5.2 in the Appendix.

Example 2.4. Degeneration of symmetries and consistency
Consider the first equation of system (8) as a single two-quad equation,

(u1,0 — Uo,2) (Uo,0 — U1,1) Uo,1 — (Ur1,0 — Uo,2) U0 U1,2 — Up2Ur,1 U2 = 0. (11)
It is a straightforward but cumbersome calculation to show that the differential-difference equations

Uo,0 U1,0 Uo,1 (Uo,0 — U1,1) Uo,0 Uo,1 Up,2

)
(uo,2 — up,~1) (uo,1 — Up,~2)

0y Uig,0 = , OslUpo = (12)

(10,0 — u1,1)(U—1,0 — Up,1) U-1,1 — U—1,0Up,0U10

define generalized symmetries of (11). What is not so obvious is that if we shift the denominator of the first symmetry
forward in the first direction and set it equal to zero, we will end up with

(1,0 — u2,1) (1,0 — Uy,1) Uo,1 — UpoUtoUz0 =0, (13)

which is consistent with (11). In other words we could have derived consistent system (8) not as a potential form of (4)
but starting with equation (11) and requiring the degeneration of one of its symmetries.
Alternatively, we could have considered equation (13) and its generalized symmetries

Up,0 tp,—1U1,-1(Uo,0 — U1,1)
), Oy ugp = ) (14)
(1,1 — uo,0) (to,1 — uy,—1) Uo,—1 + (Up,1 — U1,—1) Up,0U1,0 — U1,0U0,1 U1,1

U2,0 U1,0
0¢Uo,0 = Uo,o +

U-1,0 U-20
It is not difficult now to see that the denominator of the second symmetry shifted forward in the second direction is the
defining function of (11).

Thus we could have derived system (8) in two different ways without any reference to the quad equation (4). A very
interesting observation is that the lowest order symmetries of system (8) are given by the first flow in (14) and the second
onein (12), i.e. by the symmetries of (11) and (13) which do not degenerate on the solutions of the overdetermined system
(8). O

Our last example is on the construction of a consistent system starting with a two-quad equation and its symmetry.
This constructive approach will be used later in the derivation of a consistent system of order three.

Example 2.5. Construction of a consistent system
We start with equation

E1 1= Up,1Up,2 (1 + a(u()'o + ul,O)) + Uy,0Up,2 (1 + aulvl) +Uo0U1,1 (1 + aulvg) =0 (15)
which possesses a generalised symmetry of order 3 in the second lattice direction generated by

0suo,0 = up,0(1+ augp) (U3 ug2 o1 — Ug,—1 Up,—2Up,—3). (16)



Suppose that E»(ug 0, U1,0, U2,0, Uo,1, U1,1, U2,1) = 0 is another equation consistent with (15). If we shift it forward in the
second direction, eliminate u, > and u; 2 using (15) and its shift, then the resulting expression must independent of ug».
Thus, if we differentiate it with respect to 1 » and then shift backwards in the second direction, we will end up with

auy (auo, (0uy, E2) + (1 + aun 1) (0w, , E2)) + 1+ aun 1) (1 + aup) (0u,, E2) =0,

after the use of the backward shift of equation (15) for the elimination of variables u, _; and u;,—1.
On other hand if we use (15) and its shift to eliminate uy o and u; ¢ from E,, then the resulting expression should be
independent of 1. Its differentiation with respect to uy,o yields

(1 + aun o) (1 + autg0) Qugg E2) + att1 0) 0w, o E2)) + @* 1,9 i 0 (0uy o E2) = 0.

These two linear partial differential equations are compatible and their solution is

U1,0 uo l+awm l+aug,
E;, = F(z1,22,23,24) = F .

’ ’ ’
1+au0,0 1+au1,0 Up1 auy

Now we require E» = 0 to be consistent with the symmetry (16), i.e. the determining equation
2 1
Yo (wij U+ aug ) (Ui 43 Ui, 4o Ui ja1 — Ui, j—1 Ui, j—2 Ui, j—3)) (au,-,jEz) =0 (17)
i=0 j=0

must hold on solutions of E; = E; = 0. We eliminate variables uy,_3, ug,—2, tg,—1, Ug2, tg3 and up4 with £ = 1,2, from
(17) using (15) and its shifts. This results to an equation which apart from the variables appearing in the arguments of E,
involves also 1y —2, Up,—1, Up 2 and up 3. The coefficient of uz o leads to

dZ1Z2(1 + le)le + Z2(1 + de)FZZ - aZ2Z3F23 - Z4FZ4 =0.
The general solution to this equation can be written as

2123 l+az(1+azy)

o= azpz4(l1+azy)

» 13

F(z1,23,23,24) = G(t1, 12, 13) where f; = , B
l+az; az) 21

In view of this, the coefficient of uy,_, becomes
A+nun+n tg)GtZ —(a—t l'3)Gt3 +az; (l’l(l + tl)th - tZGtz + atth3) =0,

where z; plays the role of a separation variable. Solving this system for G we end up with

3+ab+ 10 [3) _ H(IZZZlZg(l +z4)+az(l+z4+212324)+1 — H)

Ey = F(z1,22,23,24) = G(11, bp, 13) = H(
l+h+hhb

Z1(zz3+a(l+ z2z3))

Finally, taking into account this form for E, and after the elimination of all variables as described above, the deter-
mining equation (17) can be written as x H'(x) = 0, which clearly implies that H(x) = x and x = 0 is the sought equation,
or explicitly

Uzo (1 + aug,l) {uLo (1 + aul,l) + Up,1 (1 + a(uo,o + ul,o))} + Up,1U1,1 {(1 + au()'()) (1 + aul,o) +auyo (1 + a(uo,o + ML()))} =0.
(18)
It can be easily checked that equations (15) and (18) are consistent and (16) is a symmetry of the system.
A symmetry in the first direction can be found using only equation (18) and the method of [12] and can be written as

Vo,0p00 (VioVeop-10 V-10V-20p1,0
Orligp = P P10 _ P —T00], (19a)

d0,09-1,0 q1,0 q-2,0

where Vp0 = ug,0(1 + atipo) and

2

Goo = Q+auee)d+auie)l+au) +au_1,(1+aluop+u o+ Uz) +a (Uoglio + Urolzp + Uzoliog)), (19b)
-1

poo = (+augg)d+aug)+au-10(1+alugo+up))=a 01z 40,0, (19¢)

roo = Ugouro(l+au-10)—u—2ou-10(l+auyoe)+auzoti—20(U10—U-1,0)- (19d)

It should be noted that the Miura transformation wgp ¢ = u2,0po,0/ go,0 maps symmetry (19) to the Bogoyavlensky lattice
0rwo,0 = wo,0(1+ awg ) (ws,oWwszoWwio— W-1,0W-2,0W-3,0). O



3 Overdetermined systems of difference equations and consistency

The systems we discussed in the previous section have three properties in common.

1. The two equations constituting these systems are defined on different stencils. The first equation of these systems
is defined on two consecutive quadrilaterals in the vertical direction, whereas the second equation is given on two
consecutive quadrilaterals horizontally. The two stencils form a staircase with two steps and their intersection is an
elementary quadrilateral on the lattice.

2. Every equation of the system can be solved uniquely for the values of u at the corners of the rectangular stencil
they are defined. Specifically, equations (1a), (3a), (8a) and (15) can be solved uniquely for ug, 1o 2, u1,0 and u; 2,
whereas (1b), (3b), (8b) and (18) for w9, u2,0, U1 and uy ;.

3. They are consistent.

Using these properties as a prototype, we propose their generalization to overdetermined systems involving N equations
for one function u. More precisely, we consider overdetermined systems of N equations for a scalar function u which
satisfy the following three properties. For simplicity in what follows we denote such a system with Cy and refer to N as
its order.

R1. Each equation of the system is defined on a different stencil.
More precisely, with a given integer N we consider the line n+ m = N + 1 on the Z? lattice and the right isosceles
triangle A with vertices at the points (0,0), (N +1,0) and (0, N +1). The N rectangles %; inscribed in Ay with
vertices at the lattice points (0,0), (i,0), (0, ) and (i, j), withi+ j=N+1andi=1,..., N, are the stencils of the N
equations of the system, i.e.

Cn ={Ei (U0,0,---»Ui0,---r Up,j>---, Uij) =0, i=1,...,N,and j=N-i+1}. (20)

\/
)
\/

N
_ _ N

—? | —? | i ¢ | | |

Thecase N=1 The case N =2 The case N =3

\/

Figure 1: The stencils of the equations for C;, C, and Cs.

To simplify the discussion about consistency and the initial value problem, as well as to avoid any obstacles with
the elimination of variables in the symmetry analysis, we consider only irreducible and single-valued equations.

R2. Functions E; cannot be factored and represented as products of functions depending on the same or a smaller number
of variables. They depend explicitly on the values of u at the corners of the rectangle they are defined, and E; =0 can
be solved uniquely for any of the values upo, U0, o N—i+1 ANA Uj N—i+1 -

R3. System Cy is consistent.
The previous requirement along with the fact that variable u; y.;—; appears only in E; = 0 imply that Cyy can always



be solved uniquely for (u;,n,..., un,1). In particular this allows us to rewrite system (20) in the solved form
Cn ={uin+1-i = Fi (U0,0,--) Ui0) -y U0 N+1—ir--» Ui—1,N+1-i), E=1,...,N}. 1)
Using this equivalent form of Cy, we define consistency as follows.
Definition 3.1. We call system Cy (21), N > 1, consistent if the following relations hold on solutions of system (21).
THIE)-FTIE)=0, Vi>]. (22)

Remark 3.1. Itis sufficient to check only the consistency of consecutive equations, i.e. conditions (22) with (i, j) =
@+1,¢),forallé=1,...,N—1.

Alternatively, we can state that the system is consistent if the values u; j, with0 < i,j < Nand N+1<i+j<2N,can
be found uniquely using the equations of Cy. For example when N = 2 and 3 this means to find uniquely the values
of u at the white disks in Figure 1. It should be noted that all these values are in general functions of the (NH)ZM
values of u involved in An_;.

Example 3.1. The second order systems (1), (3), (8) and (15, 18) satisfy the three requirements R1-R3. It is not difficult to
see that the third order system

uo,3(uo,0 — u1,1) (o1 — U1 2)(Up2 — U1 3) +

u1,0 (o2 (0,0 — u1,1) (o1 — u1,2) + U 3 (Uo0 (11,2 — Uo,1) + U1 U1,1)) =0, (23a)
uo,2 (U0 — u1,1) (U1 — U1,2) (U1,0 — Uz, 1) (U1,1 — U22) +

Uz 0 (Uo,1 U1 Uz, (1,1 — Uoyo) + U0 (U1, — Ua,2) (o0 (to,1 — Ui,2) — U, tr1) =0, (23b)
uo,1 (Uo,0 — u1,1) (U0 — Up,1) (U2,0 — U3,1) + U0 U1,0U20U3,0 =0, (23¢)

satisfies R1 and R2. For the consistency requirement we write the system as

uo,2 (o3 + u1,0) (to,0 — u1,1) (w1 — U ,2)

u =
b Up,0 (u0,3 + ul,o) (Lto,l - Ltl,z) +U (Mo,s Uiz — Uo,1 (u0,3 + ul,O))’
U = Ui1 (ul,o (Lto,o (uo,l - Ml,z) — Uo,1 ul,l) Uz,0+ Up,1 (ul,l - Mo,o) Up,1U2,0 + Up,2 (Mo,o - Ml,l) (uo,l - ul,z) (ul,o - Ltz,l))
22 u1,0 (o0 (10,1 — tr,2) — o, ur,1) Uoyo + to2 (to,0 — ur,1) (to — w1 2) (w10 — t21) ’
Up,0U1,0U2,0U3,0
Uzl =uz0t

uo (w0 — 1) (t10— 2,1)’

and then check if the compatibility conditions .#(u;,3) = I (u2,2), F(u2,2) = I (us 1), 5”2(141'3) = ?]'2(143'1) hold on solu-
tions of the system. For the first two conditions we have to take into account only the system, whereas for the last one we
have to use also the shifts of the system in order to replace uy 3 and u3 2. After some calculations with the help of symbolic
software it follows that these conditions do hold on solutions of (23) and thus the system is consistent. O

Our requirements for the solvability of C allow us to determine uniquely the solution of the system once appropriate
initial values are given. More precisely,

Proposition 3.2. Consider the infinitely extended edges of triangle Ay, i.e. the linesn=0,m=0andn+m=N+1. If
initial values are given at

1. allthe points on any two of these three lines, i.e. any two of the sets of values {u .}, {ux,0} and {ug n—x+1} forallk e Z,
2. and all the interior points of Ay, i.e. {ugp}, forall0< a,b< N witha+b< N+1,
then the solution u of the consistent system Cy can be determined uniquely everywhere on the Z? lattice.

In particular, we refer to the values of u along the lines m = 0 and n =0, i.e. uy and ug for all k € Z, and all the
interior points of Ay as the standard dynamical variables.



ROE s S S
Figure 2: Standard dynamical variables (white disks) for N = 2 and N = 3. Ifinitial values are given at the white vertices, then solution
u can be found uniquely at any other lattice point (black disks).

The standard dynamical variables are of particular interest as they are involved in the generalized symmetries and the
integrability of the underlying consistent system.

Definition 3.3. We call consistent system Cy integrable if it admits infinite hierarchies of symmetries which depend on a
finite but otherwise unspecified number of standard dynamical variables.

All the consistent systems we have at our disposal admit two hierarchies of symmetries none of which involve any
dynamical variable u, ;, with 0 < a,b < N and a+ b < N + 1. Thus we can slightly modify the above definition as follows.

Definition 3.4. We call consistent system Cy integrable if it admits infinite hierarchies of symmetries in both lattice direc-
tions each one of which depends on a finite but otherwise unspecified number of dynamical variables uy. o or ug i only.

Example 3.2. The second order systems (8) and (15, 18) are integrable and their lowest order symmetries were given in
the previous section in Examples 2.4 and 2.5, respectively. The third order system (23) is also integrable and its lowest
order symmetries are generated by
u u u
Ortto0 = U | — + —m + —2 (24)
U-10 U-20 U-30

and
Up,0 Uo,1 Up,2 Up,3

)
(uo,3 + up,—1) (U 2 + to,—2) (o1 + Up,-3)

respectively. 0

OsUpo = (25)

4 Lattice paths and consistent systems of difference equations

Having developed a general framework for consistent systems, in this section we present the construction of a hierarchy
of consistent systems which employs lattice paths. We discuss the properties of these systems and prove their integrability
by deriving their symmetries. Moreover we present a deformation for the first three members of this family and discuss
their relations to known quad equations.

We start our derivations with the construction of certain polynomials which will be the building blocks of the hierarchy
of consistent systems.

1. Consider all the lattice paths from (0,0) to (i, j), where i = 0, j = 0 and i + j > 0, which can be constructed by moving

(i;j];)! different paths which
connect i+ j+1 points on the lattice, including the origin and the endpoint (i, j). We denote these paths with 3@((;1}),
(i+))

only parallel to the positive direction of either axis. For every choice of i and j there exist

where a=1,.



2. With every path e@((f;.) we associate the product of the values of the function u at the i+ j+1 lattice points connected
by the path,

a
PO =y, LM i,

3. With the above association, we define the multilinear and homogeneous polynomials of degree i + j + 1
i+ )V it

Qij= X P, with i=0,j=0and i+j>0. (26)
a=1 ’

By exploiting the combinatorics in the construction of polynomials Q; j), we can find two different ways to deter-
mine these polynomials recursively as it is described below.

Lemma4.1. Ifwe define

Qi j=0, if at least one index is negative, 27a)
Qw,0) = Uo,0,
then polynomials Q(; j), withi, j =0 and i + j > 0, can be determined recursively by
Qaj) = 001 (Qu-1,») + T (Quj-1)} (27b)
or
Qii,j) =1{Qu,j-1 + Qu-1,) } i - 270)

Proof. Since we start always from the origin and we can make only one step every time either right or up, initially
we can move from g either to u ¢ or to ug, 1, respectively. Then we use the paths starting from (1,0) terminating
at (i, j) which are encoded into #(Q(;-1,j)), and the ones from (0,1) ending at (i, j) given by I (Q(;,j-1)). This
observation and the properties of the polynomials lead to the first recursive definition (27b). Alternatively, we
can reach point (i, j) either from (i, j — 1) by moving one step up, or from (i — 1, j) by making one step right. The
first approach is equivalent to Q(;,j-1yu;,; and the second one to Q(;-1,ju;,; whereas their sum gives the second
definition (27c). O

With the above polynomials at our disposal and for any N = 1, we define the overdetermined system of equations
ZN={Q(i,N—i+1)+(—1)N_iOéN=0, i=1,---,N}, (28)

where ay € R* is a parameter.
The geometric construction of Q(; ;) and their properties clearly imply that system X satisfies requirements R1 and
R2. Moreover,

Proposition 4.2. System Xy is consistent.
Proof. To check the consistency of system Xy (28) first we solve its equations for u; y—;+1. In view of (27¢) this leads to
-DVfay _ -(=DNay

F; " Qu-1,N-i+1) + QiN-i)

Ui N—i+1 = i=1,...N. (29)

Next we have to examine if (—l)iﬁi‘f(Fl-) = (—1)j9i‘f(Fj), on solutions of Zy foralli,j =1,...,N and i > j. For our
purposes it is sufficient to see if these relations hold for any pair of consecutive values for indices i and j, i.e. for any
(i,j)=+1,0)with ¢ =1,..., N—1. With these choices the above requirements become

FL(Fp) +T (F+1)

y(Q(Z—l,N—h—l) + Qw,N—@) + ?7(0(&1\7—4) + Q(z+1,1v—z—1))

FL(Qu-1,N-0+41)) + T (Qu,n-0) + L (Qun-0) + T (Qu+1,N-0-1))

Qu,N-r+1) N Qu+1N-0) _ -V ay N ~(-nN-lay
Up,0 Uo,0 Uo,0 Uo,0

=0,

where we have also used (27b) and (28) in the last two steps, respectively. This clearly shows that for any two consecutive
values of i, relations (29) are consistent on solutions of X, and thus X is consistent. O



Hence X satisfies all three requirements R1-R3. To prove Xy is integrable, we study the symmetries of equation
Qw1 + an = 0. Here we state the result, the proof of which exploits the relation of the equation to an (N + 1)-quad
equation and can be found in the Appendix.

Proposition 4.3. Equation
Quy+an=0 (30)

admits infinite hierarchies of generalised symmetries in the first direction. The first member of this hierarchy has order N +1
and is generated by
N
1
drugo = Ugo (F —1) ]‘[yk‘N‘l(i). (31)
k=0 Qw+1,00 — &N

Moreover, the invariance of £y under the transformation (ug,;, an) — (ux, (-1)N" ay) implies that equation Qu, Ny —
(—=)Nay = 0 admits infinite hierarchies of generalised symmetries in the second direction. The first member of this hierar-
chy has order N + 1 and is generated by

N

1

dsuoo = Ugo (T —1) 37"‘1“( ) (32)
: /Eo Qo,n+1) + (-DNay

We can now extend the symmetries of these equations to symmetries of system X .
Corollary 4.4. The differential-difference equations (31) and (32) define the lowest order symmetries of system Zp .

Proof. Firstly we observe that relations
TPQw) = VPSP Qu-ppin), LPQan) = =DPTPQpiin-p), pP=1,...,N-1, (33)

hold on solutions of X as a consequence of the consistency of Z . It follows from the first relation in (33) that Qv—p,p+1) =
(-DPF PTP(Q,) forall p=1,..., N—-1, and thus

0:Qv-p,p+1) = DPFPTP(0,Qv,1)).

But since 0;Qy,1) = 0 on solutions of X, we conclude that also 0;Qn-p,p+1) = 0. Similarly the second relation in (33)
leads to Q(p+1,n-p) = (1)’ #PT 7P (Qq,n) and subsequently to ;Qp+1,n-p) = (1)’ FPT 7P (8:;Qq,n))- Since 05Qq, Ny =
0 on solutions of Xy, we arrive at 0;Qp+1,N-p) = 0. |

Remark 4.1. The Miura transformation )
Vo= ——T""""— (34)
Qv+1,00 — anN

maps (31) to the modified Bogoyavlensky lattice [3]
0:v0,0 = —vo(a@nVop+1) (VN+1,0..- V1,0 — V=1,0V=2,0-.. U-N=1,0) - (35)

Moreover there exist two additional Miura transformations, namely

UN+1,0 1 aN

RNt Xop= o = — =Qu,0) - ) (36)
Qw+1,0 —an X0,0 UN+1,0

Uo,0 1 an
Ro: Xo=—— = —=S(Quo)-— (37

Quv+1,00 —aN X0,0 Uo,0

both of which map (31) to the Bogoyavlensky lattice [6]

0rXo,0 = —xéo (XN+1,0 -+ X1,0 — X-1,0X-2,0 .- X=N-1,0) - (38)
The proofs of these statements can be found in the Appendix. 0

We can easily implement recursive formulae (27), (28), (31) and (32) for the construction of Zy and its symmetries for
any value of N, and below we give explicitly the systems which correspond to N =1, 2 and 3.
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1. System X; is the known quadrilateral equation
uo,o (t1,0 + to,1) Ur,1 + a1 =0, (39)
which was derived in [10] along with the first two of its lowest order symmetries.
2. System X, is constituted by the two equations

uoo (U1,0U1,1 + U, U1 + Uo Uop) Ui g — a2 =0, (40a)

uo,0 (U1,0Uz,0 + Ur,0U1,1 + Uo U,1) Uz 1 + a2 =0, (40b)
and its lowest order symmetries were first given in [12].
3. System X3 is given by the three equations

uo,o (U1,0U1,1 U2 + Uo,1 U1 U2 + Uo,1 Up2 U 2 + Uo,1 U2 Up3) Ur 3 + a3 =0, (41a)
Uo,0 (ul,o UpolUp1 + Ui ol 1U21 + Ul ol U12 + Up1 UL U1 + Up1 UL UL2 + Up,1 U2 Ml,z) Uz —as =0, (41b)

Uo,0 (U1,0Uz,0Us,0 + Ut 0 Uz,0 Uz, 1 + U1 0 U1 Uz, 1 + Uo U1 Uz ) Us + a3 = 0. (41c)

We could have considered lattice paths connecting (7,0) to (0, j) by moving only left or up. This construction leads to
consistent systems which actually follow from X by reflecting them over the line x = 0 (resp. over the line y = 0), or equiv-
alently by employing the point transformation uy; — uy —; (resp. ur; — u_g,;). We may also combine the latter trans-
formations with a reciprocal one to derive other equivalent forms of Z5. There is however an interesting construction
which employs these two transformations and polynomials Qy,1), and leads to N-quad equations which may be viewed
as a deformation of equation (30). The derivation and some properties of these N-quad equations are summarised in the
following statement.

Proposition 4.5. Let R(; j) be the polynomial following from Q; j) according to

i J
R, j) = (Qu,n|ukl_,_) [T 1T ue:= (Qu,n|ukﬁ_) l_[ H Ukl - (42)

k=01=0 k=01=0
Then the equation
1 N
Qo +en =Ry +— [Juwiouin, N=1,2,3,..., (43)
CN =0
where cy is a real constant, admits a hierarchy of symmetries in the first lattice direction. The first member of this hierarchy
has order N + 1 and is generated by

MYy (Quv-10 —cn 1 1
drtio0 = oo N = (QuvroZen)) ) _ ey ( - (44)
[, (Quv+1,0) — en) Qw+10 —cN  F (Quv-1,0—¢N)
Moreover, by setting u — ue™", cy — ane N2 and t — te V=2 and considering the limit ¢ — 0, equation (43) reduces to

(30) and its symmetry (44) becomes (31).

Proof. The proof of the integrability of (43) is given in the Appendix. The degeneration is a straightforward calculation
once the degrees of the polynomials are taken into account, i.e. degQ;,j) = i+ j+ 1 and degR(; j) = ij. O

Remark 4.2. The differential-difference equations (44) are related to the discrete Sawada-Kotera equation dSK!V

) N+1 N+1 N N
0100 =50 | [1 vio— [T v-io|—voo|[Tvio—Tv-i0 (45)

i=1 i=1 i=1 i=1

via the Miura transformations
& (eny — Qu-1,0)) & (en — Qv-1,0)
MNy1: Vo= ———————UN+10, So: Vopo=———— Uy, (46)
Qv+1,00 — CN QN+1,0) — CN

which were given in [3]. By setting u — ue ™t v—ayvel, ey — aye V2 and considering the limit € — 0, they reduce to
ZN+1 and X, respectively. ]
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Equation (43) and its symmetry (44) alongside their reflection across the line x = y accompanied by the transforma-
tion cy — (-1)N*lcy, ie.

N (_1)N+1 N
Qun + DN ley = Rypy + —— [T wo,iv,i, (47)
CN =0
and
N+1 g-i N
dsttoo = U Og__N Hj:o T (Q(O,N—l) +(=1) CN) _g N 1 _ 1 (48)
S U — ) _ . »
MYy T (Qon+n + (=DNew) Qo+ +=DNen T (Qun-1+(-DNew)

may be used as building blocks of other integrable consistent systems. The construction of these systems uses the proce-
dure described in Example 2.5. More precisely, it involves equations (43), (47) and their lowest order symmetries (44), (48)
along with the requirement that latter must be compatible with every equation of the system. This construction is very
involved and the complexity of the calculations increases with N. We constructed two new such systems which along with
Adler’s Tzitzeica equation we denote with A, A, and As, respectively. They depend on a parameter cy (N = 1,2,3), and
degenerate to X1, =, and X3, respectively, by setting u — ue™!, cxy — aye~N"? and considering the limit e — 0. They satisfy
all our three requirements R1-R3 for consistent systems, and admit infinite hierarchies of symmetries in both directions
the first members of which are generated by (44) and (48), respectively.

1. System A; corresponds to Adler’s Tzitzeica equation

Uo,0 11,0 Up,1 U1,1
uo,0(U1,0+ Up1)U11+C1 = Ugpo+ U1+ — (49)
1

a well known integrable equation [1] which degenerates to (39) [10].
2. System A; is constituted by the following two equations.

Uo,0 U1,0Uo,1 U1,1UD,2 U2

Uo,0 (ul,o U1+ Up1la,1 + U Mo,z) Ul,2 —C2 = Up,0Up,1 + Up,oU1,2 + ULTUL2 — - (50a)
2
_ Up,0 Ur,0U2,0U0,1 UL 1U2,1
Uo,0 (ul,o U0+ UrolUl,1 + U Ml,l) U1 +C2 = Up, U0+ UpoU2,1 + ULTUR] T - (50b)
2
3. System Aj is given by
Uo,0 (Ml,o Up,0U3,0 T Ul oU2,0U21 + UL 00U U2 + Up,1 UL u2,1) Uz +c3=

Uo,0 U1,0 U2,0 U3,0 Up,1 U1,1 U2,1U3,1

Ug,oU1,0Uz,0+ (Uoolh,1 + Uoolz,1 + UL U21) U]+ p , (5la)
3
Uo,0 (Ml,o Up,1 U2 + Up,1U1,1UL2 + Up,1 U2 U2 + U1 Up,2 uo,3) Uyz+ce3=

Up,0 Uo,1 Uo,2U0,3U1,0U1,1 U1,2U1,3

Uo,0Up,1 Up,2 + (Upolh,1 + Upoly,2 + U1 U 2) UL+ p , (51b)
3
Uo,0 (Ml,o UpolUz,1 + U oUL1U21 + UL OULLUL2 + Up,1 UL 1 U2,1 + Up,1 UL UL2 + U1 Up,2 Ml,z) Upp—C3=
ug,0 (1,0 + o1 + U1 + U 2) Up o — o0 — 1,1 — U2 + (LT +1) (uo,0 (11,0 + to,1) Un 1)
Uo,0 (1,0 + 1) (Uo1 + U1 2) Upp + (LT +1) (gt ,0to,1 Ur,1)
C3
. uo,0 ((w1,0(Uz,0 + ur,1) + Uo,1 (Uo2 + Ur,1)) Uz,1 Unp + Un oo ((Uz,0 + tr,1) Uzn + (U2 + Ur 1) Ui 2)) Uay
C3
Up,0U1,0Up,1 U2,1 UL 2U22 (Ltz,o Up2 + Uy, (Uz0 + Mo,z)) + Up,0 U1,0 U2,0 Up,1 U1,1 U2,1 UD,2U1,2U22 (510)
C3 Cg '
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5 Conclusions & Discussion

We considered N-th order overdetermined systems of difference equations which are consistent and integrable according
to our requirements and definitions in Section 3. We demonstrated how such systems follow from known lower order
integrable systems and presented two new hierarchies. The first one was constructed using lattice paths whereas the
second hierarchy can be interpreted as a deformation of the former. In particular the first members of these hierarchies
coincide with the quad equation (39) introduced in [10] and Adler’s Tzitzeica equation (49) studied in [1], respectively. In
this way we have shown that these two equations are not isolated but they are the lowest order members of two hierarchies
of consistent systems denoted here with X and A, respectively. Systems Xy can be constructed for any order N but, due
to computational limitations, we were able to construct only the first three members of the A hierarchy.

There are a lot of interesting questions about consistent systems. It is very well known that multidimensional con-
sistency is a strong integrability property closely related to other integrability aspects, e.g. Lax pairs and Backlund trans-
formations. However it is not clear if the type of consistency considered here can be employed in a similar way. Most
of the well known integrable equations also fit into the framework of direct linearization or Kac-Moody algebras or can
be derived as reductions of discrete KP equations. Could overdetermined consistent systems be derived in any of these
ways? On the other hand from the examples we presented it seems that there exists a relation between consistency and
symmetries of N-quad equations. It would be interesting to explore this connection further in order to understand the
structure of symmetries of N-quad equations but also to derive integrability conditions for consistent systems.

Appendix
Proof of Propositions 4.3 and 4.5
For the proof of these propositions we need the following two lemmas.
Lemma5.1. The (N +1)-quad equation
P:=uns11 (Quv+1,0 — an) — oo (T (Quv+1,0) —an) =0 (52)

admits (31) as its lowest order symmetry. Moreover, solutions of equation (30) are special solutions of (52) since the defining
function P of the latter can be written in terms of the defining function of the former as

P =(upp —un+11) (Quv,py +an). (53)

Proof. Equation (52) and its Lax pair were given in [7] (see Section 3.4.3, page 21) and its symmetries were studied in [8].
For the proof of (53), we expand P and write it as

P =(up0 —un+1,1) N + Un+1,1 Q1,00 — U0,0T (Quv+1,0)) (54)

from which it is clear that it is sufficient to show that the last two terms belong in the image of operator up0.% — un+1,1-
These two terms appear in the two definitions of polynomials Q(v+1,1), i.e. (27b), (27c) withi=N+1, j=1.

Quv+1,1 = too (T (Quv+1,0) +< (Quvn))
Qv+1,1) = (Quv+1,0) + Qv,1)) Un+1,1

Subtracting them and rearranging we end up with

(to,0 — un+11) (Quv,n) = Un+1,1 Qv+1,0) — Uo,0 T (Qv+1,0) 5 (55)
which along with (54) imply (53). O
Lemma 5.2. The (N + 1)-quad equation

P:=upo (< (Quv-1,00) — en) (T (Quv+1,0) — en) — un+1,1 (LT (Quv-1,0) — en) (Quv+1,0 —€n) =0 (56)
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admits (44) as its lowest order symmetry. Moreover, solutions of equation (43) are special solutions of (56) since the defining
function P of the latter can be written in terms of the defining function of the former as

1 1 N
—P = (uo,0# — un+1,1) | Qv + en — Ry — — [ [ wiowin |- (57)
CN CN =0

Proof. The (N + 1)-quad equation (56) and its symmetries were studied in [3] (see Statement 7 on page 13), where also
the existence of the N-quad equation (43) was suggested (see Remark 4 on page 13) but no explicit formulae were given
for the latter. Here we prove only (57).

First we expand %P and write it as

1 1 N
—P = (upp? —un+1,1) en — (Uo0F — un+1,1) (— [Tuio Mi,l) +
CN =0
un+1,1 (U1 un + Quvero) — oo (U0 uno + I (Quv+1,0)) (58)

where we have taken into account the explicit formulae of polynomials Q(v+1,0). We have now to show that the last two
terms in (58) belong in the image of 1 0. — un+1,1-
We consider (1,0 — un+1,1) (Renv,1)) along with the explicit form of these polynomials,

N i-1 N
Ry = [Tujo [T wjr
iZ0j=0  r=i+1

which lead to

N i-1 N N i'-1 N
(Lto,oy— MN+1,1) (R(N,l)) = Up,0 Z H Uj+1,0 H Ltj+1,1) —(Z l_[ Ujo H Ujl | UN+1,1-

i=0j=0 r=i+l i'=0 j=0 r=i'+1

For i’ #0,i# N and i’ = i +1, the corresponding terms are equal to 1, - U o Ui+2,1 - - Un+1,1 and cancel each other. Thus
the only terms remaining are the ones which correspond to i = N and i’ =0, i.e.

(Lto,oy - MN+1,1) (R(N,l)) = Up,oUL,0 - UN,O— ULL " UN+1,1-
This relation and (55) from the proof of the previous lemma lead to
(to,0 — un+11) (Quv,)) = Rovny) = unern (1,1 -+ un,1 + Quve1,0)) — oo (Ur0- - uno + T (Quv+1,0)))»
which along with (58) yield (57). O

To prove Proposition 4.3 we start with the fact that (31) defines a symmetry of the (N +1)-quad equation (52), and then
employ relation (53) to show that it also defines a symmetry of (30). In the same way we can prove Proposition 4.5 with
the use of Lemma 5.2. In order to do that for both equations simultaneously we denote with P the defining function of
the higher order quad equations (52) and (56), and with E the defining function of the corresponding N-quad ones (30)
and (43). With this notation we write both relations (53) and (57) as

P =(up0s — un+1,1) (E), (59)
and we will show that E; = 0 on solutions of E = 0. To do that, first we differentiate (59) with respect to ¢ to find
((0ru0,0)F — (0run+1,1)) (E) + (10,0 — un+1,1) (Ep) = Py (60)

Since every solution of E = 0 is a solution of P = 0, and P; = 0 on any solution of P =0 (and thus on E = 0), the evaluation
of (60) on E = 0, i.e. the elimination of variables u; ; with i = N and i < 0 using E = 0 and its shifts, leads to

(10,0 — un+1,1) (E) =0, (61)
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where E; depends only on the dynamical variables u_y_1, ..., Uan+1,0 and g 1, ..., Un-1,1, and (61) holds identically on
these variables. In order to show that (61) implies E; = 0, it is sufficient to exploit the arguments of E; and its shift.

From our analysis follows that dynamical variables u_n_1,0 and uxn+2,0 appear in (61) only through E; and .#(Ey),
respectively. But since (61) holds identically on dynamical variables, we conclude 0,,_y_, ,E; = 6u2N+10E, =0. We can
continue in the same way and find that actually E; cannot depend on any u_;o and uy;0 with i =1,..., N+ 1. Hence
(61) implies that E; can depend only on the dynamical variables ug, ..., uno and ug 1, ..., UN-1,1.

Next we rearrange (61) and write it as

E E
y( d ):—t. (62)
UN,1 Uo,0
Since the dynamical variable uy.1,0 appears only in the left hand side it follows that
E;
S ” =F(u1,0,...,Un0,U1,1,...,UN-1,1) = Er=un1F(uopo,..., UN-1,0, U0,1,.--, UN-2,1).
N,1
In view of this relation, identity (62) can be written as
F(upo,...,UN-1,0,U0,1,--- UN-21)) Flugo,...,UN-1,0,U0,1,--- UN-2,1)
o e 0, D) _ Flu, 0,1, 0 )
UN-1,1 Up,0
But now the dynamical variable uy, appears only in the left hand side, thus
F(uy,0,...,UuN,0,U1,1,---, UN-1,1) = un,1 G(U1,0,..., UN-1,0, U115+, UN-1,1),
and (63) becomes
G(Ug.0y.- o UN=2.0, UD.1y-++» UN—2.1) G(Ug.0y.-o UN=2.0, UQ.1y-+» UN—2.1)
y( 0,0 N-2,0, Uo,1 N-21) ) _ 0,0 N-2,0, 40,1 N-21) (64)
UN-2,1 Up,0

We continue in the same way with the remaining dynamical variables. We start with ux-1,0 and moving backwards to
uy,0 we conclude that G is independent of ugg, ..., Un—2,0. Similarly we find that G is independent of ug 1, ..., Un-21.
Thus G must be constant, and (64) becomes G/un-1,1 = G/ up,0, which clearly implies G = 0. Thus, E; = 0 on solutions
of E = 0, which proves that (31) and (44) are symmetries of (30) and (43), respectively. And this completes the proofs of
Propositions 4.3 and 4.5.

Derivation of the Miura transformations in Remark 4.1

To prove our statement for (34), first we write (31) in terms of variable v as 0;ug, = up,o(# — 1) H]kV:O Vk-N-1,0, and then
we consider the ¢-derivative of (34).

N+19, ;0 N+1 N+1 N+1
6tV00—_V00Q(N+10) > =-voolanvoo+1) ) (¥ - I)HUHk N-10=—voolanvoo+ D | [] vio— [] v-io
i=0 Ui0 i=0 k=0 i=1 i=1

For the other two transformations, we prove our statement only for %1 since the proof for % is similar. First we
express (31) in terms of x using (36), 0;up,0 = up,0(¥ —1) HJkV:O Xk-n-1,0/ Quv,0), and then we differentiate x; (1) in (36) with
respect to t.

N N
atxOo at ,0 atuN+1'0 N szoxi+k—N—l,O an Hk=oxk,0
= Q,0) Z aN—; =Qwo ) (=1 ; + =Dt o
x50 Ui Uni1o =0 FLHQw,0) UN+1,0 SN Q)

Next we simplify the expression by noticing that only two terms remain from the sum, and then using (36) we replace
Qv,0) appearing as its coefficient. In the resulting expression two terms cancel after which we end up with

N
0rx00  Ilpoq X0 aNxNi10) i
- - H Xk-N-1,0

Xgo  INHQw) UN+2,0

where we have also used the relation un110%N*2(Qu.0) = N (Quv,0)) 2n+2,0- Finally using (36) to replace . N+ (Quv,0))
we arrive at (38).
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